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Preface

Linear algebra is the study of vector spaces and linear transformations. This
document constitutes a brief course in linear algebra over the real numbers, with an
initial emphasis on vectors in cartesian space. It is traditional to motivate the study
of linear algebra by examining methods of solution to systems of linear equation;
in this approach, matrices become arrays of coefficients of linear equations, and the
definition of multiplication of matrices first appears as an arbitrary (and therefore
difficult) concept which magically produces results.

We attempt instead to initially focus on the geometry of synthetic space and
the concept of vectors as equivalence classes of arrows. These vectors can be added
and stretched geometrically, which imposes an algebraic system on sets of vectors.
Introduction of a coordinate system then transfers the geometric study of vectors
in synthetic space to the algebraic study of points in cartesian space, producing the
motivating examples of vector spaces.

The natural functions to examine between such spaces are those which preserve
the geometrically inspired algebraic relations, which are exactly those which fix the
origin and send lines to lines; such functions are the known as linear transforma-
tions, and can be described by matrices. In this context, multiplication of matrices
corresponds to composition of linear transformations.

We understand that the precision of the language of set theory cannot produc-
tively be avoided in the study of of mathematical objects; consequently, we start
by reviewing this language, and use it throughout the text.

vii



CHAPTER 1

Sets and Functions

ABSTRACT. It is difficult to grasp advanced mathematics without fluent con-
trol over the concepts of set and function. This chapter rapidly lists some of
what you should know. It is hoped that much of this is review; feel free to
bring any questions you may have to the attention of the class.

1. Sets

A set is a collection of objects. The objects in a set are called elements of that
set. Sometimes elements are referred to as members or points. If an element is in a
set, we say that the element is contained in the set.

If two symbols a and b represent the same element, we write a = b. If the
symbols a and b represent different elements, we write a # b. If an element a is
contained in a set A, this relation is written @ € A. If a is not in A, this fact is
denoted a ¢ A. We assume that the statements a € A and a = b are always either
true or false, although we may not know which.

Two sets are considered equal when they contain the same elements:

A=Bsxe As x e Bl

The sets we will primarily be using are the standard sets of numbers, and those
derived from them. These sets have standard names:

Natural Numbers: N={0,1,2,3,...}
Integers: Z=A..,-2,-1,0,1,2,...}

Rational Numbers: Q= {g |p,q € Z,q # 0}

Real Numbers: R = { Infinite decimal expansions }
Complex Numbers: C={a+ib|a,bcRandi*=—1}

Remark 1.1. Some authors do not include zero in the set of natural numbers.
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2. Subsets

Let A and B be sets. We say that B is a subset of A and write B C A if
r€B=uxecA

For our purposes, we consider NCZ cCc Qc R c C.

It is clear that A = B if and only if A C B and B C A.

A set with no elements is called an empty set. Since two sets are equal if and
only if they contain the same elements, there is only one empty set, and it is denoted
@. The empty set is a subset of any other set.

If X is any set and p(z) is a proposition whose truth or falsehood depends on
each element x € X, we may construct a new set consisting of all of the elements
of X for which the proposition is true; this set is denoted:

{z € X |p(z)}.

An interval is a type of subset of the real numbers; it is the set of all real num-
bers between two points, called endpoints; we consider 0o to be valid endpoints.
The distance between these endpoints is the length of the interval. This distance
may be finite or infinite. Those intervals whose endpoints are contained in the set
are called closed; those whose endpoints are not contained in the set are called open.
Notation for intervals is standard:

[a,b] ={z €R[a <z <b} (finite closed)
(a,0)={zr €R|a<z<b} (finite open)
[a,0) ={z eR|a<z<b}
(a,b)) ={x €R|a<ax<b}
(—oo,b] ={z €R |z < b} (infinite closed)
(—00,b) ={zr € R |z < b} (infinite open)
[a,00) ={z €eR|a <z} (infinite closed)
(a,00) ={z €R|a<x} (infinite open)
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3. Set Operations

Let X be a set and let A, B C X.
The intersection of A and B is denoted by AN B and is defined to be the set
containing all of the elements of X that are in both A and B:

ANB={zre€ X |z € Aand z € B}.

The union of A and B is denoted by AUB and is defined to be the set containing
all of the elements of X that are in either A or B:

AUB={ze€e X |z € Aorz € B}.

‘We note here that there is no concept of “multiplicity” of an element in a set; that
is, if x is in both A and B, then z occurs only once in AU B.

The complement of A with respect to B is denoted A \ B and is defined to be
the set containing all of the elements of A which are not in B:

ANB={zxe X |z € Aand x ¢ B}.

Example 1.1. Let A = {1,3,5,7,9}, B = {1,2,3,4,5}. Then AN B = {1,3,5},
AUB=1{1,2,3,4,5,7,9}, AN B={7,9}, and B~ A={2,4}. O

Example 1.2. Let C' = [1,5] U (10,16) and let N be the set of counting numbers.
How many elements are in C' N N?

Solution. The set C NN is the set of natural numbers between 1 and 5 inclusive
and between 10 and 16 exclusive. Thus C NN = {1,2,3,4,5,11,12,13,14,15}.
Therefore C NN has 10 elements. O

A picture corresponds to each of these set operations; these pictures are called
Venn diagrams. Use Venn diagrams to convince yourself of the following properties.

Proposition 1.3. Let X be a set and let A,B,C C X. Then
(a) A=AUA=ANA;
(b) sNA=g;
(c) sUA=A;
(d) AcBe AnB=A4;
() AcCB< AUB=B;
(f) AnB=BnNA4;
(g) AUB=BUA;
(h) (AnB)NnC=ANn(BNC);
(i) (AuB)UC=AU((BUC);
() AuB)NC=(ANnC)U(BNC);
(k) (AnB)UC =(AUuC)Nn(BUC);
1) AN(BUC)=(ANB)N(ANC);
(m) AN(BNC)=(ANB)U(ANC);
(n) ACB=AU(B\A)=DB;
(0) ACB=AN(B\A)=g;
(p) AN(BNC)=(ANB)U(ANBNC);
(@) (ANB)NC=A~N(BUC);
(r) (ANB)U(B~A)=(AUB)~\ (ANDB).
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4. Product of Sets

An ordered pair is two elements in a specific order; if a and b are elements,
the pair containing them with « first and b second is denoted (a, ). Of course the
notation conflicts with our notation for an open interval of real numbers, but this
cannot be helped, since it is standard.

Ordered pairs obey the “defining property”:

(a,b) = (¢,d) & a=cand b=d.

If (a,b) is an ordered pair, then a is called the first coordinate and b is called the
second coordinate.

Let A and B be sets. The product of A and B is denoted A x B and is defined
to be the set of ordered pairs whose first coordinate is in A and whose second
coordinate is in B:

Ax B={(a,b)|a€ Aandbe B}.

Proposition 1.4. Let X be a set and let A, B,C C X. Then

(a) (AUB)xC=(AxC)U(Bx();

(b) (ANB)xC=(AxC)Nn(BxC(C);

() Ax(BUC)=(AxB)U(AxC);

(d) Ax(BNC)=(AxB)N(AxC);

() (ANB)x (CND)=(AxC)N(Bx D).

Similarly, we may speak of ordered triples (a, b, ¢); the product of three sets A,
B, and C'is

AxBxC={(a,bc)| ac A,be B,and ce C }.

In general, we may speak of ordered n tuples of the form (aq,...,a,), where
again the entry a; is known as the i*® coordinate of the tuple. If A;,..., A, are
sets, their product is

xt 1A ={(a1,...,an) | a; € A;}.
The product of a set A with itself n times is denoted by A™; thus
A" ={(a1,...,a,) | a; € A}.
For example, the set of ordered triples of real numbers is denoted by R3.

Example 1.5. Let A = [1,3] x [2,4) x (3,5). How many elements are in the set
ANZ¥?

Solution. We have B = [1,3]NZ = {1,2,3}, C = [2,4)NZ = {2,3}, and D =
(3,5)NZ = {4}. Then

AxZ?=BxCxD={(1,25),(13,5),(2,2,5),(2,3,5), (3,2,5), (3,3,5)},

a set with 6 elements. O
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5. Functions

Let A and B be sets. A function from A to B, denoted f : A — B, is an
assignment of every element in A to a unique element in B; we say that f maps
A into B, and that f is a function on A. If a € A, he element in B to which a is
assigned is denoted f(a); we say that a is mapped to b by f. We often think of f
as sending points in A to locations in B. Functions obey the “defining property”:

for every a € A there exists a unique b € B such that f(a) = b.

If A is sufficiently small, we may explictly describe the function by listing the
elements of A and where they go; for example, if A = {1,2,3} and B = R, a
perfectly good function is described by {1 + 23.432,2 +— 7,3 +— /593}.

However, if A is large, the functions which are easiest to understand are those
which are specified by some rule or algorithm. The common functions of single
variable calculus are of this nature, for example, the polynomials in x, sin z, log x,
etc.

Let f: A — B be a function. The domain of f is A, and the range of f is B.

If C C A, the image of C is

f(C)={be B| f(c) =b for some c € C}.

The image of a function is the image of its domain.
If D C B, the preimage of D is

f7H(D)={a€ A| f(a) € D}.

Remark 1.2. Some authors use the word range to mean what we have called the
image of a function. In this case, they use the word codomain to mean what we
have called the range.

We say that f is injective (or one to one) if for every aj,as € A we have
fla1) = f(az) = a1 = az.

We say that f is surjective (or onto) for every b € B there exists a € A such
that f(a) =b. A function is surjective if and only if its range is equal to its image.

We say that f is bijective if it is both injective and surjective. Such a function

sets up a correspondence between the elements of A and the elements of B.
Example 1.6. The function f : Z — Z given by n — 2n is injective but not
surjective. The function g : Z x Z — Q given by (p,q) — % is surjective but not

injective. [J
Example 1.7. Let f: R — R.
(a) if f(a
(b) if f(x
() if f(x
(d) if f(x

) = 23, then f is bijective.

)= J:Q then f is neither surjective nor injective.

) = 23 — x, the f is surjective but not injective.

) = arctan z, then f is injective but not surjective.
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6. Composition of Functions

Let A, B, and C be sets and let f : A — B and g : B — C. The composition

of f and g is the function
gof:A—C
given by
go fla) =g(f(a)).

If f and g are injective, then g o f is injective. If f and g are surjective, then
g o f is surjective.

The domain of g o f is A and the range is C. The image of g o f is the image
under g of the image under f of the domain of f.

Example 1.8. Let A be the set of living things on earth, B the set of species, and
C be the set of positive real numbers. Let f: A — B assign to each living thing
its species, and let g : B — C assign to each species its average mass. Then g o f
guesses the mass of a living thing. [

Example 1.9. Let f : R — R be given by f(z) = 22 and let g : R — R be given
by g(z) = sinx. Then go f : R — R is given by go f(z) =sinz? and fog: R — R
is given by f o g(z) = sin®z. O

Example 1.10. Let f : R — R? be given by f(t) : (2cost,sint). The image of f
is an ellipse in the plane. Let s : R? — R3 be given by s(x,y) = (z,y,y? —2?). The
image of s is a saddle surface.

Then the image of s o f is a curve in R?® whose shape is roughly the boundary
of a potato chip.

We may think of the ellipse as a road on a plane. Then think of s as an
earthquake which takes the plane and shifts it, warping its shape into a saddle.
The road is carried along with the plane as it warps. The new position of the road
is the image of the composition of the functions. [J

If A is a set, define the identity function on A to be the function idy : A — A
given by id4(a) = a for all @ € A. Identity functions are bijective, and have the
property that if f: A — B, then foids = f and idg o f = f.

We say that f is invertible if there exists a function f~!: B — A, called the
inverse of f, such that fo f~! =idg and f~!o f =idy4.

Proposition 1.11. A function is invertible if and only if it is bijective.

If f is injective, we define the inverse of f to be a function f=!: f(A) — A by
f~1(y) = x, where f(x) = y. Since an invertible function is bijective, it is injective,
and this definition of inverse agrees with our previous one in this case.

If f: A— Bisa function and C C A, we define a function f [¢: C — B,
called the restriction of f to C, by f [¢ (¢) = f(c¢). If f is injective, then so is f [¢.
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The next two sections are a bit more advanced; you only need to skim them.
The main idea that we will use from them is the notion of a set whose elements are
functions.

7. Cardinality

The cardinality of a set is the number of elements in it. Two sets have the same
cardinality if and only if there is a bijective function between them.

Let N = {0,1,2,...} be the set of natural numbers and for n € N let H,, =
{m e N|m < n}. Aset X is called finite if there exists a surjective function from
X to H, for some n € N. If there exists a bijective function X — H,,, we say that
the cardinality of X is n, and write | X| = N.

A set X is called infinite if there exists an injective function N — X.

Proposition 1.12. A set is infinite if and only if it is not finite.

Proposition 1.13. Let A be a finite set and let f : A — A be a function. Then f
is injective if and only if f is surjective.

Proposition 1.14. Let A and B be finite sets. Then |A x B| = |A|-|B|.

8. Collections

A collection is a set whose elements are themselves sets or functions.
Let X be a set. The collection of all subsets of X is called the power set of X
and is denoted P(X).
Let € be a collection of subsets of X; then € C P(X). Define the intersection
and union of the collection by
e NC={acA|laeCforall CeC}
e UC={a€ A|aeC for some C € C}

If € contains two subsets of X, this definition concurs with our previous definition
for the union of two sets.

Let A and B sets. The collection of all functions from A to B is denoted
F(A, B).
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9. Summary

Symbol | Meaning Example
= implies pD=q
& if and only if | p & ¢
v for every Ve > 0
= there exists | 30 > 0
F such that Fp

TABLE 1. Logical Connectives

Set | Name Definition
N | Natural Numbers | {1,2,3,...}
Z | Integers {..,—2,-1,0,1,2,...}
Q | Rational Numbers | {p/q | p,q € Z}
R | Real Numbers { Infinite decimal expansions }
C | Complex Numbers | {a+ib|a,b € R and i2 = —1}
R? | Euclidean Plane {(a,b) | a,b € R}
R? | Euclidean Space {(a,b,¢) | a,b,c € R}
TABLE 2. Standard Sets
Symbol | Meaning Definition
S is an element of Example: m € R
¢ is not an element of | Example: 7 ¢ Q
C is a subset of ACB& (ae A= a€ B)
N intersection ANB={z|z€ Aand z € B}
U union AUB={z|zcAorzeB
~ complement ANB={z|z€ Aand z ¢ B}
X cartesian product Ax B={(a,b)|a€ Aand b € B}

TABLE 3. Set Operations

Let A and B be sets. The notation f : A — B means f maps A into B; that
is, f is a function whose domain is A and whose range is B.
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10. Exercises

Exercise 1.1. Let A, E, O, P, and S be the following subsets of the natural
numbers:

A={neN|n<25}

E={necAlniseven},

O={necA|nisodd};

P ={ne A|nis prime};

S={ne€ A|nisasquare};

Compute the following sets:
(a) (ENP)US;
(b) (ENS)U(P\O0).
(c) P xS,
(d) (ONS)x(ENS).

Exercise 1.2. Let A, B, and C be the following subsets of R:

o A=1[0,100);
o B=[3 %)
o C=(-8,7].

Compute the number of points in the set (A x B x C)N(Z x Z x Z).
(Hint: use Proposition 1.4(e) and Proposition 1.14.)

Exercise 1.3. Let A and B be subsets of a set U. The symmetric difference of A
and B, denoted AAB, is the set of points in U which are in either A or B but not
in both.

(a) Draw a Venn diagram describing AAB.

(b) Find two set expressions which could be used to define AAB, and justify your
answer.

Exercise 1.4. In each case, give an example of a function f : R — R such that:
(a) f is neither injective nor surjective;
(b) f is injective but not surjective;
(c) f is surjective but not injective;
(d) f is bijective.
Exercise 1.5. Let f : R — R be given by f(z) = sin7z.
Let A=Zand B = [$,1].

(a) Find f(A4).
(b) Find f~1(B).
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Exercise 1.6. Let f : R — R be given by f(x) = 2% — 522 — 32 +19. Find f~1(4).

Exercise 1.7. Let f: X — Y be a function and let A, B C X.
(a) Show that f(AUB) = f(A)U f(B).

(b) Show that f(AN B) C f(A)N f(B).

(c) Give an example where f(A N B) # f(A) N f(B).

Exercise 1.8. Let f: X — Y be a function and let C,D C Y.
(a) Show that f~1(CU D)= f~Y(C)U f(D).
(b) Show that f~1(C N D)= f~1C)n f(D).

Exercise 1.9. Let A, B, and C be any sets. Determine which of the following
statements is true, using Venn diagrams if necessary:

(a) AcB=AnB=A

(b)) ACB=B~A=DB

() AN(BUC)=(ANB)U((ANC)

(d) (AuB)NC=(AnCHYUu(BNC)
Exercise 1.10. For a,b € R, let [a,b] = {z € R| a <z < b} be the closed interval
between a and b. How many elements are contained in the following sets?

(a) ([-2,3]U5,9)NZ

(b) ([v2,7]U (3%,2°) NZ

(c) ([1,5] x (3,6))N(Z x Z)



CHAPTER 2

Vectors

ABSTRACT. Our initial goal is to define “vector” and various vector operations
both algebraically and geometrically, and to understand why these definitions
are in agreement. Specifically, we will describe a correspondence

{classes of arrows in euclidean space} «— {points in cartesian space}

which preserves the vector operations.

1. Euclidean Space

Around 300 B.C. in ancient Greece, Euclid wrote The Elements, a collection
of thirteen books which sets down the fundamental laws of synthetic geometry.
This work starts with points and sets of points called lines, the notions of distance
between points and angle between lines, and five postulates which regulate these
ideas. The key postulate implies that two distinct points lie on exactly one line.

Geometric figures such as triangles and circles resided on an abstract notion
of plane, which stretched indefinitely in two dimensions. The Greeks also analyzed
solids such as regular tetrahedra, which resided in space which stretched indefinitely
in three dimensions.

The ancient Greeks had very little algebra, so their mathematics was performed
using pictures; no coordinate system which gave positions to points was used as an
aid in their calculations. We shall refer to the uncoordinatized spaces of synthetic
geometry as euclidean spaces. FEuclidean spaces are flat in the sense that if a
euclidean space contains two points, it contains the entire line which passes through
these two points. Traditional euclidean spaces come in four types: a point, a line, a
plane, and space itself; these are euclidean spaces of dimension zero, one, two, and
three, respectively.

The notion of coordinate system arose in the analytic geometry of Fermat and
Descartes after the European Renaissance (circa 1630). This technique connected
the algebra which was flourishing at the time to the ancient Greek geometric no-
tions. We refer to coordinatized lines, planes, and spaces as cartesian spaces; these
are composed of ordered n-tuples of real numbers.

Just as coordinatizing euclidean space yields a powerful technique in the under-
standing of geometric objects, so geometric intuition and the theorems of synthetic
geometry aid in the analysis of sets of n-tuples of real numbers.

The concept of vector links the geometric world of Euclid to the more algebraic
world of Descartes. Vectors may be defined and manipulated entirely in the geo-
metric realm or entirely algebraically; ideally, we use the point of view that best
serves our purpose. Typically, this is to understand (geometrically) or to compute
(algebraically).

11
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2. Cartesian Space

An ordered n-tuple of real numbers is an list (x1,...,x,), where z1,...,z, are
real numbers, with the defining property that
($1,..-,$n) = (yla"'vyn) < T1 =Y, Tn = Yn-

We define n-dimensional cartesian space to be the set R™ of ordered n-tuples
of real numbers. The point (0, ...,0) is called the origin, and is labeled by O. The

numbers z1,...,x, are called the coordinates of the point (x1,...,x,). The set of
points of the form (0,...,0,;,0,...,0), where z; is in the i*® slot, is known as the
i coordinate awis.

In R2, we often use the standard variables = and ¥ instead of z; and x5. In R3,
we often use z, y, and z instead of x1, x3, and x3.

We wish to define the distance between two points in R™ in such a way that it
will agree with our geometric intuition into the pictures produced by our graphs.
Here we use the Pythagorian Theorem.

Let P = (z1,11) and @ = (22,y2). Then

d(P,Q) = /(22 — 21)* + (32 — y1)*.
Example 2.1. The distance in R? from P = (—4,3) to Q = (2,5) is
d(P,Q) = /(2= (—4))> + (5 — 3)% = V36 + 4 = V40 = 2V/10.

(]
Let P = (z1,y1,21) and Q = (2,2, 22). Then
d(P,Q) = /(x2 — 1)? + (y2 — 1) + (22 — 21)*.
Example 2.2. The distance R between (2,5, —1) and (—4, 3,8) is
d=V(-4=22+(B-52+(B—(-1))? = V36 +4+9=V19=7.

d

Let « = (z1,...,z,) and y = (y1,...,Yn) be points in R™. The distance
between x and y is defined by

n

Z(yi — i)

i=1

d(xvy) =

this formula, which is motivated by the Pythagorean Theorem, defines a function
d:R" xR" - R,

called the distance function.
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3. Graphing

For n = 1, 2, or 3, it is possible to draw a picture of a subset of R™. Such a
picture is the graph of the set.

To graph a set of real numbers, draw a line and select a point to represent zero
and a point to its right to represent one. Now mark off the other points accordingly;
this process is ruling. Now plot real numbers accordingly.

We may graph ordered pairs and sets of order pairs by drawing perpendicular
lines, called axes, which are ruled; each line represents a copy of the real num-
bers, and an ordered pair is plotted as the appropriate point. By convention, the
horizontal axis is designated = and represents the first coordinate, and the verti-
cal axis is designated y and represents the second coordinate. For example, the
graph of the set [0,1] x [1,2] is a square which touches the y-axis and is lifted 1
unit above the z-axis. Note that the graph of a function f is the graph of the set
{(z,y) e R? |y = f(a)}.

We may also graph ordered triples of real numbers on a flat piece of paper,
using perspective to give the illusion of depth. In this case, tradition demands that
the first coordinate of an ordered triple is labeled x, the second y, and the third
z; and that the positive z-axis points north, the positive y-axis points east, and
the positive z-axis points southwest so that it appears to emanate from the page.
Points and sets are plotted against this coordinate system in the natural way.

Example 2.3. Let A =[1,3], B=[2,4), C = (3,5), and D = A x B x C. Graph
the set D N Z3.
Solution. We see that
DxZ3=(AxBxC)N(ZxZxT)

=(ANZ)x (BNZ)x(CNZ)

={1,2,3} x {2,3} x {4}

= {(1,2,4), (1,3,4), (2,2,4), (2,3,4), (3,2,4), (3,3,4)}.
Plot these six points. O
Example 2.4. Draw the box with diagonal vertices P(1,1,2) and Q(4,—1,4).

Solution. First we find the other six vertices. These are (4,1,2), (4,—1,2),
(1,-1,2), (1,-1,4), (4,1,4), and (1,1,4). Graph these and draw the edges which
move parallel to a coordinate axis. O
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4. Loci

We may consider subsets of R™ such that the coordinates of the points in the
subset are related in some specified way. The common way of doing this is to
consider equations with the coordinates as variables. The solution set, or locus, of
an equation is the set of all points in R™ which, when their coordinates are plugged
into the equation, cause the equality to be true.

Consider the solution set in R? of the equation z = 0. This is the set of points
of the form (z,y,0). This set is called the zy-plane, and is immediately identified
with R? in the natural way, via the correspondence (z,y,0) < (z,y). Similarly,
the solution sets of x = 0 and y = 0 are called the yz-plane and the zz-plane,
respectively. Together, these sets are called coordinate planes.

Example 2.5. Find the locus in R3 of the equation zyz = 0.

Solution. If xyz = 0, either x = 0, y = 0, or z = 0. Thus the solution set is
the union of the solution sets for these latter equations; that is, the locus of the
equation zyz = 0 is the union of the coordinate planes. O

Example 2.6. Find an equation whose solution set in R3 is the union of the
coordinate axes.

Solution. The x-axis is the set of points where y = 0 and z = 0. We can acheive
the z-axis as the solution set of y? + 22 = 0. Thus we can see that the solution set
of

(@ +y*) (2 + 22)(y* +2%) =0
is the union of the coordinate axes. [

Now consider sets of points which simultaneously satisfy all of the equations in
a collection of equations. Such sets are merely the intersection of the solution sets.
For example, the solution set of {x = 0,y = 0} is the z-axis.

If one of the variables is missing from an equation, its locus in R? is a curtain
(or cylinder), because the third variable can be anything.

Example 2.7. The locus in R? of the equation y = 2z + 1 is a line, but in R? it is
a plane. The locus in R? of the equation z = siny is a rippled “plane”; any point
of the form (z,y,siny) is in the locus.

Let Py = (x0,%0,20) be some fixed point in R® and let 7 € R. Consider the
equation d(P, Py) = r, where P = (z,y, z) is a variable point. The solution set of
this equation is exactly the set of all points in R? whose distance from Py is equal to
r. This set is called the sphere of radius r centered at Py. Since distance is always
positive, we may square both sides of the equation and obtain a new equation with
the same solution set. Thus the equation of a sphere is

(z —20)* + (Y — 90)* + (2 — 20)* = r°.
Example 2.8. Find the radius and center of the sphere given by x2 4+ y2 + 22 +
6z — 16 = 0.

Solution. Complete the square. The locus of the above equation is the same as the
locus of 22 + 62 +9+y? +22 = 16+ 9, i.e., (x+3)? + 5> + 22 = 25. Thus the center
is (—3,0,0) and the radius is 5. O
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5. Coordinatization

In order to apply the techniques of analytic geometry to synthetic geometry or
to a real-life problem, we must impose a coordinate system, a process we refer to
as coordinatization of euclidean space.

To coordinatize a line, we have only to select a single point as zero, and a
direction for the positive numbers. The coordinate of a point is distance to zero,
together with a negative sign if the point is on the negative side of zero; we call
this signed distance.

To coordinatize a plane, select two lines which intersect at right angles to be-
come the axes; the point of intersection becomes the origin. Select one ray from
the origin as the positive z-axis; the positive y-axis is found by moving counter-
clockwise by 90 degrees. The coordinates of a point consist of the signed distance
to the selected axes.

To coordinatize three dimensional space, we first select a point in euclidean
space and call it the origin. We then select three perpendicular lines that intersect
at the origin as the axes. We must also select, on each axis, one of the two direc-
tions as the positive direction. By convention, this is done in such a way that the
ordered system of axes constitute a right-handed orientation. We use the “right-
hand rule”: with your right hand, make a fist, let your thumb point up and your
point your index finger out, parallel to your arm. Let your middle finger stick out
perpendicular to your index finger. Then your axes should be oriented such that
the index finger points in the positive x direction, your middle finger points in the
positive y direction, and your thumb points in the positive z direction.

Now the coordinates of a point are given by the signed distance of that point to
the corresponding coordinate plane. No two points occupy the exact same location,
so each point has its own unique coordinates.

Coordinatizing a euclidean space gives us a cartesian space. These spaces have
essentially the same properties. The reason for the distinction is to help us keep in
mind that we may often select the coordinate system which best suits our needs in
a particular problem.
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6. Arrows

An arrow in euclidean space is a directed line segment; it is a line segment with
one end designated as its tip and the other as its tail.
Parenthetically, we note that we could be more precise here and define an arrow
in a euclidean space F as an ordered pair (P, Q) € E x E, where P is the tip and Q
is the tail. This is enough information to produce the line segment and differentiate
the tip from the tail.
A nonzero arrow is determined by three attributes:
(1) magnitude, which is the distance between the tip and the tail;
(2) direction, which is the line on which it sits, and its orientation thereon;
(3) position, which is determined by its tail.

We do not exclude the possibility that the tip and the tail of an arrow are the
same, in which case the arrow is just a point. Such an arrow is called a zero arrow,
it has zero magnitude and no direction.

The inverse arrow of an arrow ¥ is the arrow —, defined to be the same line
segment with the tip and tail reversed.

Let P and @ be points in R™ and let ﬁ@ denote the arrow whose tail is P and
whose tip is Q); this is the arrow from P to Q). We may add two arrows if the tip of
the first equals to the tail of the second. Thus

PQ + QR = PR.
The arrow PR forms the third side of a triangle.

We would like to be able to add any two arrows, but the dependence on the
positioning of the arrows in our definition prevents us. Thus we wish to consider
only the magnitude and direction attributes of arrows, and ignore the position; this
would allow us to “slide” arrows around in euclidean space, and consider them to

start at the tail or at the tip of some other arrow. This leads us to the concept of
vector.
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7. Vectors

We say that two arrows are equivalent if they have the same magnitude and
direction, but not necessarily the same position. If ¥ is an arrow, define

¥ = {w | W is an arrow which is equivalent to v};

such a set is called an equivalence class of arrows, or a vector.

Let © and w be arrows. If @ is equivalent to v, we say that @ represents .
Technically, the phrase “@w represents ¢ means that @ € ¥. Since any arrow is
equivalent to itself, we see that in particular v represents .

We can show that @ € ¥ if and only if @ = ¥. A vector is determined by two
attributes:

(1) magnitude;
(2) direction.
Thus a vector is unpositioned direction and length.

All zero arrows are equivalent; thus there is a unique zero vector.

The inverse wvector of a vector ¥ is the vector —v, defined to be the vector
represented by any arrow —v, where ¥ represents v.

If P is the tail and @ is the tip of an arrow, we write P_Q for the vector
represented by the arrow 1/36

For any vector ¥ and any point P € R™, there is a unique arrow @w such that
wET and the tail of w is equal to P. It is now possible to add the vectors PQ and
RS let QT be the unique arrow with the same magnitude and direction as RS
and define the geometric sum by PQ + RS = PT. Note that PQ = QP and that
PZ) + Q? is the point P; thus adding the inverse vector produces the zero vector.

Now suppose that we have coordinatized affine space. Then each vector has
exactly one representative which is an arrow whose tail is at the origin. Such an
arrow is said to be in standard position. The tip of this arrow is a point in R".
Each vector corresponds to exactly one point in R™ in this way. If P € R", then
OP is called the position vector of P.

This correspondence allows us to switch between the concepts of vectors in
euclidean space and points in cartesian space at will, blurring the distinction. We
consider vectors and points in R™ as interchangeable; the viewpoint we adopt de-
pends on the situation. Thus we may use the notation R™ to denote the set of all
vectors in n-space.

We no longer put arrows over the vectors; we will specify in each case what set
an element is coming from (in particular, whether it comes from R or from R").
We may denote the zero vector (the origin) either by O, or by 0 (when it cannot
be confused with the zero scalar).
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8. Vector Addition

Let v = (v1,v2,...,v,) and w = (w1, ws,...,w,) be vectors in R™. We define
the vector sum of these vectors algebraically by adding the corresponding coordi-
nates:

v+ w = (vy + w1, V3 + Wy ...,V + Wy).

Proposition 2.9 (Primary Properties of Vector Addition).
Let z,y,z € R™ and let a,b € R. Then

(a) z+y=y+x; (Commutativity)

(b) (x+y)+z=x+ (y+ 2); (Associativity)

(c) =4 0=z, (Existence of an Additive Identity)

(d) =+ (—x) = 0; (Ezistence of Additive Inverses)

Geometrically, the vector sum v+w corresponds to sliding an arrow representing
w over so that its tail is equal to the tip of v. That is, there is a unique arrow which
represents the vector w whose tail equals the tip of the vector v. We interpret v+ w
geometrically to be the tip of this arrow. It is the endpoint of the diagonal of the
parallelogram determined by v and w.

9. Scalar Multiplication

Let v = (v1,v2,...,v,) and let a be a real number; we often refer to real
numbers as scalars. We define the scalar multiplication of a times v algebraically
by multiplying each coordinate of v by a:

a-v=(avy,avy,...,avy,).
The dot is usually omitted from the notation, so a - v is written as av.

Proposition 2.10 (Primary Properties of Scalar Multiplication).
Let z,y,z € R and let a,b € R. Then
(a) 1-x =x; (Scalar Identity)
(b) (ab)x = a(bx); (Scalar Associativity)
(c) a(z +y) = ax + ay; (Distributivity of Scalar Mult over Vector Add)
(d) (a+b)x =ax+ bx. (Distributivity of Scalar Mult over Scalar Add)

Proposition 2.11 (Secondary Properties of Scalar Multiplication).
Let x,y,z € R"™ and let a,b € R. Let O € R™ be the origin. Then
(a) 0-z=0;
(b) a-O=0;
(¢) -1-2=—xa;

(d) (—a)xr = —(ax).

Geometrically, the scalar multiple av is interpreted as the vector whose direction
is that of v but whose length is |a||v|. If @ < 0, then the orientation of av is
opposite the orientation of v. Thus multiplying a vector by negative one reverses
its orientation, and produces its negative.

The vector which proceeds from the tip of v to the tip of w is w — v. This is
clear, since v + (w — v) = w.

We say that two nonzero vectors v and w are parallel, and write v||w, if arrows
representing v and w lie on parallel line segments. This happens exactly when
w = av for some nonzero a € R.
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10. Norm of a Vector

The norm of a vector is the distance between the tip and the tail of a repre-
senting arrow. If the vector is in standard position in R", its norm is the distance
between the corresponding point and the origin. Thus if = (z1,...,2,), the norm
of z is denoted |z| and is given by

x| =

Synonymous names for this quantity include modulus, magnitude, absolute value,
or length of the vector.

Example 2.12. Let v € R? be given by v = (2,4,8). Find |v].
Solution. The norm is
o] = /22 +42 + 82 = /1 + 16 + 64 = /84 = 2v/21.
(]

A unit vectoris a vector whose norm is 1. In some sense, a unit vector represents
pure direction (without length); if u is a unit vector and a is a scalar, then au is a
vector in the direction of u with norm a.

Let v be any nonzero vector. We obtain a unit vector in the direction of v
simply by dividing by the length of v. Thus the unitization of v is

Example 2.13. Let v € R? be given by v = (2,4,8). Find |v|. Find a unit vector
in the same direction as v.

Solution. Since |v| = 2v/21, the unitization of v is

i~ (e v v
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11. Dot Product

Let v = (v1,v2,...,v,) and w = (w1, w2, ..., w,) be vectors in R™. We define
the dot product of v and w by the rule

VW = VW1 + VowWa + -+ VW,

There is no ambiguity caused by using a dot for scalar multiplication and
vector dot product, because their definitions agree in the only case where there is
overlap (namely, if n = 1). We usually drop the dot from the notation for scalar
multiplication anyway (unless the vector is a known constant). Note that v+w € R™
and av € R™, but v-w € R.

Proposition 2.14 (Properties of Dot Product and Norm).
Let x,y,z € R” and a € R. Then
(a) z-a =zl
(b) x-y=1y-x; (Commutativity)
() z-(y+2)=(x-y) + (x-z); (Distributivity over Vector Addition)
(d) a(z-y) = (az) -y =z - (ay);
() z-0=0;
(f) lax| = |af|x].

Remark. Properties (a) through (f) are derived directly from the algebraic defini-
tions. Properties (c) and (d) together are called linearity of dot product. O

The geometric interpretation of dot product is as useful as it is unanticipated
from the definition. To understand it, we first need to understand the concept of
projection.

Given a line L in R™ and a point P in R™ not on the line, there is a unique point
@ on the line which is closest to the point. The lines L and PQ are perpendicular.
The point @ is the projection of P onto L.

Let v and w be vectors in R™. There is a unique point on the line through
w which is the projection of the tip of v onto this line. The vector whose tail is
the origin and whose tip is this projected point is called the wvector projection of v
onto w. The norm of this vector projection is the distance from the origin to this
projected point and is called the scalar projection of v onto w. Let proj,, (v) denote
the scalar projection of v onto w.

Drop a perpendicular from the tip of v onto the line through w to obtain a right
triangle. If 0 is the angle between the vectors v and w, we see that proj, (v) =
|v| cos 6.

To complete our geometric interpretation of dot product, we need a generaliza-
tion of the Pythagorean theorem known as the Law of Cosines.
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Lemma 2.15 (Law of Cosines). For a triangle with angles A, B,C and correspond-
ing opposite sides of length a, b, c, we have
& =a?+b* — 2abcos(C).

Proof. We show this for the case where B and C are acute angles, the other cases
being similar.

Drop a perpendicular from the angle A to the opposite side. Call this distance h.
Let m be the distance from C to the perpendicular. Then a—m is the distance from
B to the perpendicular. Thus (a —m)? + h? = ¢? and m? + h? = b?. Substituting
h? = b% — m? into the first of these yields a? — 2am + b? = c2. But m = bcos(C),
proving the result. (I

Proposition 2.16. Let v,w € R™ and let 6 be the angle between v and w. Then
v-w = |v||w| cos .
Proof. To prove this result, we use the Law of Cosines, a generalization of the
Pythagorean Theorem. The Law of Cosines states that for any triangle whose sides
have lengths a, b, and ¢ and whose angle opposite the side of length ¢ has angle 6,
then ¢? = a? + b? — 2abcos 6.
To use this, consider the triangle whose vertices are the tips of v and w. The

vector from v to w is w — v, so the lengths of the sides of this triangle are |v|, |w],
and |w — v|. The Law of Cosines now gives us

lw —v]? = [v)* + |w|* = 2|v||w| cos 6.
Since the square of the modulus of a vector is its dot product with itself, we have
(w—v) - (w—v)=v-v+w- w—2|v||w|cosbh.
By distributativity of dot product over vector addition and other properties,
wew—2v-w+v-v=v-v+w-w—2v||w|cosb.
Cancelling like terms on both sides and then dividing by —2 yields

v-w = |[v||w|cosb.

Corollary 2.17. Let v,w € R™ and let 0 be the angle between v and w. Then
v-w = [wlproj, (v).
If w is of unit length, then
v - u = proj, (v).

Geometrically, the dot product of v and w is the length of the projection v onto
w, times the length of w.
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Example 2.18. Let v = (5,2,1) and w = (3,2,3). Find the scalar and vector
projections of v onto w, and find the angle between them.

Solution. We know that v - w = |w|proj,,(v). Thus
. vew 154443 22
Profu(V) = T = raes - v
Thus the scalar projection is the length of w, so vector projection is w itself. This

intuitively indicates that v and w form a right triangle, with the line segment
between the origin and v as the hypotenuse.

= V22.

We also know that if 6 is the angle between v and w, then cos 6 = r/rr = %,
so the angle is approximately 29.4 degrees. (I

We say that v is orthogonal (or perpendicular) to w, and write v L w, if the
angle 6 between them is a right angle. This happens exactly when the cosine of this
angle is zero: cosf = 0. Also, by the definition of projection, this happens exactly
when the vector projection of v onto w is the zero vector.

Dot product gives us a test for perpendicularity:

vlwesv-w=0.
Note that from this point of view, any vector is perpendicular to the zero vector.

Example 2.19. Let v = (5,2,1) and w = (3,2, 3). Verify that these vectors form
a right triangle.

Solution. From the previous example, we believe that the line segment between the
points v and w is one of the legs. This leg is represented by the vector z = w —v =
(=2,0,2). Then - w=—-6+0+46 =0, so x is orthogonal to w. O

We finish this section with a useful formula.

Proposition 2.20. Let v = (a,b) and w = (c,d) be vectors in R%2. The area of the
parallelogram determined by v and w is ad — bc.

Proof. The area of a parallelogram of height A and base s is A = hs. Consider v
to be the base; then h = |v|. Now the height is the scalar projection of w onto a
vector perpendicular to v. Let & = (—b,a); then v-x = 0, so v L . Moreover,
|v| = |z|. We have

T w

A=hs=y =z -w=ad— bec.

||
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12. Cross Product

The dot product takes two vectors and produces a scalar. In three dimensions,
there is a very useful operation that takes two vectors and produces a third vector.
It is convenient to let ¢ = (1,0,0), j = (0,1,0), and k = (0,0,1). Then (x,y,2) =

xi+yj + zk.
Let v = (vy,v2,v3) and w = (w1, ws,ws3) be vectors in R3. The cross product

of v and w is
v X w = (Vows — VzWa, V3w — VW3, V1 Wa — VoW1 ).
This may be rewritten as
v X w = (vowg — v3wa)i — (Viws — v3wi)J + (Viwe — vown k.

We remember this formula via a symbolic determinant. Recall that an m x n
matrix is a rectangular array of real numbers with m rows and n columns. The
determinant of a 2 X 2 matrix is

a b
c d

The determinant of a 3 x 3 matrix is

det{ ] = ad — be.

ap az ag

det | by by bs| = aydet [bz b3]—a2det [bl bg} © agdet [bl bz].
2 3 €1 c3 c1 Cy
Ci C2 C3

Thus
7 J k
vxw=det |vy vy w3
w; w2 w3

Proposition 2.21.

(a) ixj=k;
(c) kExi=j.

Proposition 2.22 (Properties of Cross Product). Let x,y,z € R™ and d € R.
Then

(a) zxy=—(yxuz);

(b) (dz) xy =z x (dy) = d(z x y);

(¢) zx(y+2)=(zrxy)+(zxz2);

(d) (z+y)xz=(xx2)+(y X 2);

(€) z-(yxz)=(rxy) z

(F) e x(yxz)=(z-2)y—(z-y)z

(g) xx0=0.
Proof. Write each vector in terms of their components and use the algebraic defin-
ition of cross product. |
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Proposition 2.23. Let v,w € R3. Then (v x w) L v and (v x w) L w.
Proof. To see that (v x w) L v, we use the dot product.
(v X w) v = (vows — v3Wz)v1 + (V3w — Viw3)ve + (V1w — vowy)vs
= VaW3V1 — V3W2V] + V3W1V2 — V1W3V3 + V1W2V3 — VaW1V3
=0.

Similarly, (v X w) - w=0s0v X w L w. O
Proposition 2.24. Let v,w € R?, and let § be the angle between v and w. Then
|v X w| = |v]|w]| sin 6,

which is the area of the parallelogram determined by v and w.

Proof. The area of the parallelogram determined by v and w is given by the formula
area equals base times height. If we let |v| be the base, then the height is simply
|w|sin@. Thus the area is |v||w|sin 6.
Now consider
|v x w|* = (vaws — v3wa)? + (v3wy — vViws)? + (Viwy — vowy)?
= viw? — 2uv3waws + vIw:
+ v%w% — 2vvswiws + v%w%
+ viws — 201 vwiwa + viws.
Also,
(Jo][wlsin(8))* = [v]*|w]? sin*(6)

= [v]?|w]*(1 — cos*(0))

= v wl* — [v]?|w]* cos*()

= [v]?|w]* = (v - w)?

= (V3 4 v3 + v3)(wi + w3 + w3)

— (vywy + vowy + vaws)?

= v%wg — 2u9v3wows + vgwg

+ v3w? — 2u V3w w3 + viws

+ v?w2 — 20 vpw Wy + vIW?.
These last quantities are the same; taking square roots and noting that sinz(ﬁ) =
sin(6) since 6 € [0, ] yields the result. O

Proposition 2.25. Let v,w € R3. Then the triple (v,w,v x w) is oriented by the
right-hand rule.

Remark. The orientation of v X w is actually determined by the orientation given
to the coordinate axes. The proof of this requires more advanced techniques than
we currently have. The basic idea is the v x w changes continuously as the lengths
of v and w and the angle between them change. Thus if can move v to ¢ and w to j
without getting a zero vector as the cross product, the orientation of (v, w,v X w)
must be the same as that of (i, 7,7 x j), which is right handed. a
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Geometrically, the cross product of v, w € R? is the unique vector € R3 which
satisfies these three properties:

(1) 2 L vand z L w so that x is perpendicular to the plane determined by v
and w;

(2) the length of z is equal to the area of the parallelogram determined by v
and w;

(3) « is oriented by the right hand rule.

Proposition 2.26. Let v,w € R3. Then v||w if and only if v x w = 0.

Proof. If 6 € [0, 7], then sinf = 0 if and only if 6 =0 or § = 7. O
Example 2.27. Find the area of the triangle with vertices P(2,4,1), Q(1,2,3),
and R(5,0,1).

Solution. Treat P as a “translated origin”. Let v =0Q — P = (—1,-2,2) and w =

R— P = (3,—4,0). The area of the triangle is half of the area of the parallelogram

determined by v and w, which we find via the cross product:
vXxw=(0—8)i—(0—-6)j+ (4—(—6))k = (-8,6,10).

Thus the area of the triangle is half to the length of this vector:

1
area = 5\/64 +36 + 100 = 5v/2.
O

Example 2.28. Let v = (2,5,1) and w = (3,1,2). Find a vector which is perpen-
dicular to both 22v 4 29w and 83v — Sw.

Solution. These vectors are linear combinations of v and w, and is therefore on the
plane determined by v and w. It suffices to find a vector which is perpendicular to
this plane. We do this by crossing v and w:

vxw=(10 —5)i — (4 — 3)j + (2 — 15)k = (5, —1, —13).
O

Proposition 2.29. Let z,y,z € R3. Then x - (y x 2) is a scalar quantity which is
equal to the signed volume of the parallelepiped determined by the three vectors. The
magnitude of this quantity is the volume and the sign detects whether the vectors
have a right or left handed orientation in the order presented. We call z - (y X z)
the scalar triple product.

Proof. The volume is equal to the base times the height. If w = y X z, the height
is simply the projection of x onto this vector, proj,, (x) = z - w/|w|. But the area
of the base is |w], so the base times the height is z - w. O

The triple scalar product can the computed as a determinant.

r1 X9 T3
z-(yxz)=det |y1 y2 ys
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Example 2.30. Do the points O(0,0,0), P(1,2,3), Q(2,3,1), and R(3,1,2) lie on
the same plane?

Solution. We treat P, @), and R as vectors starting at the origin, and note that
the four points lie on the same plane if and only if the volume of the parallelepiped
determined by these vectors is zero. The triple scalar product is

P-Q@QxR)=6-1)1-(4-3)2+(2-93=5—-2-21=18#0;
so no, they don’t lie on the same plane. O

Example 2.31. Prove that the maximum volume of a parallelepiped with sides of
length one is a cube.

Solution. First, draw a picture and give everything in the picture a name. Let
z,y, z € R3 have length one. Let w = = x y. Let § be the angle between y and z.
Let ¢ be the angle between = and w. Note that 6, ¢ € [0, 7].

The volume of a parallelepiped is base times height. The area of the base is the
length of the cross product; since we have unit vectors, this is sinf. The height is
the projection of x onto w; since x has unit length, this is cos ¢. Thus the volume
is sin 6 cos ¢.

To maximize this product, maximize each of the factors; sinf is largest when
6 = w/2 and cos ¢ is largest when ¢ = 0. Thus the volume is maximized when
y L z and z||lw, which means that 2 L y and « L z. This is a cube. O
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13. Summary

The set of points in euclidean space, when labeled with coordinates, is
called cartesian space. This is the set of all ordered n-tuples of real num-
bers, and is denoted R™. There is no geometric difference between euclid-
ean space and R™. The reason for the distinction is that there is more
than one way to impose coordinates on euclidean space; every rotation
and translation of an axis system gives a different correspondence.
Arrows have position, direction, and magnitude. Vectors have only direc-
tion and magnitude. Two arrows with the same magnitude and direction
“represent” the same vector. We think of vectors as arrows which we can
“slide around”, to be placed at any convenient tail.

Selection of a coordinate system creates a correspondence between vectors
in euclidean space and points in cartesian space, given by placing the tail
of the vector at the origin and taking the corresponding point to be the
tip. Every rotation of the axis system creates a different correspondence.
The operations of vector addition, scalar multiplication, dot product, and
cross product may be defined geometrically or algebraically, and these
definitions respect the correspondence between vectors and points.

The vector sum of two vectors crosses the diagonal of the parallelogram
determined by the two vectors.

The scalar product of a scalar times a vector is that vector stretched by
a factor of the scalar.

The dot product of two vectors is the length of the projection of one onto
the other, adjusted by the length of the other.

The cross product of two vectors is perpendicular to both of them, with
length equal the area of the parallelogram determined by them, oriented
by the right hand rule.

Many formulas relating dot and cross products to projections, angles, and
so forth can be derived from the above interpretations using pictures and
simple geometric facts, and then computed with the algebraic definitions.
The purpose of describing vectors in this way is to build up geometric
intuition which will be helpful in solving problems using linear algebra.
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14. Exercises

Exercise 2.1. Graph the box whose diagnonal vertices are the points (0,0, 0) and
(1,4,2). Label each vertex of the box.

Exercise 2.2. Let A=1[0,1], B =[1,2), and C = (3,4]. Graph the set
Ax Ax (BUC).

Exercise 2.3. Describe (and sketch if possible) the graph in R? of the following
equations, where x,y, z are real variables:

(a) z=2

(b) (z*+y*)z=0

() 22 +y?+22=0

(d) 224+ y*>+22-4=0

(e) 22 +y*+22+4=0

(f) 22 4+y*—2=0
Exercise 2.4. Find the center and the radius of the sphere which is the solution
set of the equation

22 +y? + 2% = 42 + 9y + 362.

Graph the sphere.

Exercise 2.5. Consider the line seqment from P;(z1,y1,21) to Pa(Z2,y2, 22). Con-
vince yourself that its midpoint is
<I1 + T2 Y1 +Y2 21 +22)
2 2 2 ’
Exercise 2.6. Find an equation of a sphere if one of its diameters has endpoints
(2,1,4) and (4, 3,10).

Exercise 2.7. Draw the directed line segment AB. Find and draw the equivalent
the vector v whose tail is at the origin.

(a) A(3,1), B(3,3)

(b) A(737 5)v B(*2, 0)

(c) A(0,2,4), B(5,2,-2)

Exercise 2.8. Find the vector sum v + w and illustrate geometrically.

(a) v=1(0,1), w=(1,0)

(b) v=1(2,4), w=(51)

(¢) v=1(-2,3), w=(3,-2)

(d) v=(1,0,1), w=(0,1,0)
(e) v=(1,2,3), w=(-1,2,-3)

Exercise 2.9. Find |v|, v + w, v — w, 2v, and 3v — 2w.
(a) v=(1,2), w=(3,4)
(b) v=1(-1,-2), w=(2,1)
() v=(3,2,—=1), w=(0,6,7)
d)yv=i—j,w=i+k
() v=i+j+k, w=2i—3j—4k
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Exercise 2.10. Find a unit vector which has the same direction as v.

(a) v=1(3,4)
(b) v=(5,-5)
(c) v=1(1,2,3)

(d) v=i+j+k
Exercise 2.11. Express i and j in terms of v and w.

@ v=it+jw=i—j
(b) v=2+3j,w=1—]

Exercise 2.12. Find v - w.
(a) v=(2,4), w=(-1,4)
(b) v=(5,-1), w=(7,7)
(¢) v=(1,2,3), w=(3,2,1)
(d) V= (Qa —4, 1)v w = (3,376)

Exercise 2.13. Find the scalar and vector projections of v onto w.
(a) U= (234)7 w = (_154)
(b) V= (53 71)7 w = (7a 7)
(c) v=(1,2,3), w=(3,2,1)
(d) v=1(2,-4,1), w=(3,3,6)
Exercise 2.14. Find the values for x € R such that v 1 w.
(a) v= (3,56), w = (_4a3)
(b) v=(z,12), w = (23,18)
(c) v=(¢2¢3t), w=(5u1z-2)
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Exercise 2.15. Find the values for € R such that the angle between v = (1,1)

and w = (z,1) is 60°.

Exercise 2.16. Find the angle between the diagonal of a cube and one of its edges.

Exercise 2.17. Find v x w.

(a) v=(1,0,1), w = (0,1,0)

(b) v=1(1,2,3), w=(1,3,5)

(¢) v=(1,1,1), w=(-1,1,1)
Exercise 2.18. Let v = (1,2,3) and w = (3,2,1). Find the following,.

(a) [v]

(b) [uwl

(c) z=v+w

(d) y=v—w

(e) |z

(f) |yl

(g) v-w

(h) z-y

(i) vxw

() ©xy

(k) [vxw

) |z <yl
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Exercise 2.19. Let z = (1,2,3), y = (—2,0,-3), and z = (1,-2,0).
(a) Draw each of these vectors emanating from the origin.
(b) Now draw (z) emanating from the origin, y with its tail at the tip of x,
and z with its tail at the tip of y.
(c) Find x + y + z. Does your result agree with your picture?

Exercise 2.20. (Challenge) The spheres
2 4y*+22=144 and (z-3)+(y—4)?+(2—-12)? =25
intersect in a circle. Find the center of the circle.

(Hint: Let O = (0,0,0), P = (3,4,12), @ be a point of intersection of the spheres,
and R be the center point; then R is on the line OP, and OP L QR.)

Exercise 2.21. Let v and w be vectors in R?. Give a geometric interpretation of
and prove the following formulae:

(a) Cauchy Schwarz Inequality:
v w] < Jof|w]
(b) Triangle Inequality:
v+ w| < [o] + [w|
(c) Parallelogram Law:
v+ wl? + v — w* = 2Jv|* + 2fw/?

(Hint for (b) and (c): Use the Cauchy Schwarz Inequality, the distributivity of dot
over sum, and the fact that |v + w|?> = (v +w) - (v +w).)

Exercise 2.22. Find the volume of the parallelepiped determined by the vectors
x=(1,2,3), y = (2,3,1), and z = (—1,0,¢). Find ¢ such that these vectors are
coplanar.

Exercise 2.23. Do the points P(0,1,2), Q(3,7,5), R(—1,0,1), and S(6,2,8) lie
on the same plane? Can one change this answer by changing the y-coordinate of
Q7?7 What does this tell you?

Exercise 2.24. The following identities are true for x,y, 2z € R?. Examine them
for geometric content.

(@) (z—y)x(z+y) =2(z xy);

(b) zx(yx2)=(x-2)y—(z-y)z;

(¢) ex(yxz)+yx(zxa)+zx(xxy)=0.
(Hint: first consider the case of standard basis vectors; then consider the case of
arbitrary unit vectors; then try to generalize to arbitrary vectors.)
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Exercise 2.25. Let v and w be vectors in R™ and let 6 be the angle between them.
Recall that v is orthgonal to w, written v L w, if 8 = 90°, which happens exactly
when v - w =0,

Let w,y € R3. Show that the vector

V=Y — —=w
T
is orthogonal to w.

Exercise 2.26. Let v and w be vectors in R™ and let 6 be the angle between them.
Recall that the formula v - w = |v||w|cos§ implies that the scalar projection of v

onto w is given by
. vew
projy, (v) = W
(a) Define a function v : R — R? by v(t) = (¢,t?). Graph the image of v.
(b) Let w = (1,1) € R%. Graph the line through w.
(c) Define a function f: R — R by f(t) = proj,,(v(t)). Find a formula for f
in terms of ¢.
(d) Find f([1,2]), the image of the closed interval [1, 2] under the function f.

(e) Interpret lim; o, f(t) geometrically.
Exercise 2.27. Let f(¢) be a real valued function given by
f(t) =i x (cost,sint,0)].

Find f and interpret it geometrically, thinking of ¢ as time and noting that as ¢
changes, (cost,sint,0) sweeps out a unit circle in the zy-plane.






CHAPTER 3

Linear Sets

ABSTRACT. Linear sets are subsets of euclidean space which “look like” a lower
dimensional euclidean space. We use our results regarding vectors to investi-
gate linear sets in cartesian space.

1. Linear Sets in R"

A linear set in R™ is a subset L C R™ with the property that if P,Q € L are
distinct points in the linear set, then the entire line through P and @ is in L.

Let P € R™ be a point and set L = {P}; we call a set containing one element
a singleton set. The singleton set L is vacuously a linear set, since there are not
two distinct points in L. Blurring the distinction between P and {P}, we say that
points in R™ are linear sets.

If L C R™ is a line, then it is also a linear set. The linear subsets of R? are
points, lines, and the entire space R?. The linear subsets of R3 are points, lines,
planes, and the entire space R3.

Proposition 3.1. Let L be a linear set in R™ and let QQ € R™. Then there exists
a unique point Q € L such that d(P,Q) < d(P, R) for every R € L.

Proof. In other words, there is a unique point @) in L which is closer to P than any
other point in L. To see this, suppose that there are two points 1 and Qs in L
such that d(P, Q1) = d(P,Q2), and d(P,Q1) < d(P, R) for every R € L. Then the
entire line through @ and Qs is in L; thus the midpoint between Q; and Qs is in
L, and this midpoint is closer to L then ()7 and Q2 by trigonometry. This shows
that Q1 = QQ. U

The next proposition says that linear sets which pass through the origin are
closed under vector addition and scalar multiplication.

Proposition 3.2. Let L C R™ be a linear set such that O € L, where O is the
origin. Then

(a) v+w € L for every v,w € L;

(b) tv € L for every v € L and every t € R.

Proof. Note that if L = {O}, the statement is true. Thus we assume that L is
contains more than just the origin.

Let v € L and t € R; we may assume the v is nonzero. The entire line through
v and O is in L; since tv is on this line, it is in L, which shows (b).

Let v,w € L and assume that they are nonzero. The line through the tips
of v and w is contained in L; the midpoint of the line segment from the tip of
v to the tip of w is # = v+ 3(w —v). Thus € L. Therefore 2z € L; but
2 =2v — (w —v) = v+ w. O

33
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2. Lines in R? via Vector Equations

A line in R? is determined by a point on the line and the direction of the line.
Let Py = (z0,y0) be a point on the line, and let v = (v1,v2) be a vector in the
direction of the line; we call v a direction vector. If we start at Py and move in the
direction specified by v for a period of time ¢ at a speed given by |v|, we arrive at
the point

P = P() + tv.

If we let ¢t range throughout the real numbers, then the set of points satisfying this
equation form a line. Thus we call P = Py + tv the vector equation of the line; it is
this form of the equation of a line most easily generalizes to higher dimensions.

If we label P = (z,y), where we think of z and y as variables, the vector
equation becomes

(x,y) = (zo + tv1, yo + tva).

This produces two equations

r=x9+tvy and y=yg+ tus.

These are called the parametric equations of the line. The variable t is call the
parameter.

If v1ve # 0, we may eliminate the parameter ¢ by solving the parametric equa-
tions for ¢ and setting the results equal to each other to obtain

T”% _ Y~ Y%,
(%1 (%) ’
this is called the symmetric equation of the line.
Solving the symmetric equation for y produces the functional equation, or slope-
intercept form of the equation of the line:
v
y=mx+b where m= 2 and b = yg — mxg.
U1
On the other hand, given a line y = mx + b in functional form, we immediately
see that Py = (0,b) is a point on it, and (1,m) is its direction vector.

Example 3.3. Find the vector, parametric, and symmetric equations of the line
in R? through Q(4,1) and R(-3,3).
Solution. Let v = R—Q = (—7,2); this is a direction vector for the line. Then the
vector equation is P = @ + tv, where P = (x,y). In parametric form,

r=4-Tt and y=1+42t.

Then symmetric equation is
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3. Lines in R? via Normal Equation

A line in R? is also determined by a point on it and a direction which is
perpendicular to the line. Again let Py = (z,yo) be a point on the line, and let
n = (n1,n2) be a vector which is perpendicular to the line; we call n a normal
vector. If P = (z,y) is a general point on the line, then P — P, is a vector in the
direction of the line, so

(P—F)-n=0;
this is called the normal equation of the line.

The normal equation may be rewritten as (z — o,y — yo) - (n1,n2) = 0, that
is, n1(z — zg) + na(y — yo) = 0, or finally nyx + noy = nixo + n2yo. Setting a = nq,
b = ns, and ¢ = nixg + N2y, we obtain the general form of the equation of a line

ax + by = c,

where a,b,c € R are constants and x and y variables.

On the other hand, given a line ax+ by = c in general form, we immediately see
that a vector normal to this line is (a, b); for if Py = (2, yo) is a fixed point on the
line, and if P = (x,y) is an arbitrary point on the line, we have ax + by = axo+ byo.
Letting n = (a, b), rewrite this as P-n = Py-n, which is equivalent to (P—Fp)-n = 0.
But P — P, is a direction vector for the line, so n is perpendicular to it.

Example 3.4. Find the normal and general equations of the line in R? through
Q(3,1) and R(-2,3).

Solution. A direction vector for the line is v = R — Q = (—5,2). A vector perpen-
dicular to this is n = (2,5), since n-v = —5(2) + 2(5) = 0. The normal equation,
then, is
(P-Q)-n=0,
where P = (z,y). To get the general form, compute (z —3,y—1)-(2,5) = 0 implies
20 —64+ 5y —5=0, so
2z 4+ by = 11.
O
In R? we have to distinct methods of using vectors to produce equations for

lines; the vector equation and the normal equation. Do both of the techniques
generalize to higher dimensions?
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4. Lines in R3

A line in R? is determined by a point on the line and the direction of the line.
The direction may be specified by a direction vector.

Let Py = (z0, Yo, 20) be a given point and let v = (v1,v9,v3) be a vector. If we
start at Py and move in the direction v for a period of time ¢ at a rate given by |v],
we arrive at the point

P = P() + tv.
If we let ¢t range throughout the real numbers, then the set of points satisfying this
equation form a line. This is called the vector equation of the line.

If we label P = (x,y, z), then

(2,9, 2) = (z0 + tv1, Yo + tve, 20 + tvs).
This gives us three equations
T = x¢9 + tvy, Yy = yo + tva, z = zp + tus.

These are called the parametric equations of the line. The variable ¢ is called the
parameter.

Example 3.5. Find the vector and parametric equations of the line which passes
through the points Q(1,3,2) and R(5, -2, 3).

Solution. Let v be the vector from @ to R. Thus v = R — Q = (4,—5,1). This is
the direction of the line we seek. Letting @ be a point on the line, we have that a
point P is on the line if P = Q + tv = (1 + 4¢,3 — 5¢,2 + t). Thus the parametric
equations of the line become x =1+ 4¢, y =3 — 5¢, and z = 2 + . ([l

If v1, vo, and v3 are nonzero, we may eliminate the parameter ¢ by simply
solving the parametric equations for ¢ and setting all the results equal to each

other. This yields
rT—To Y—Y 22— %20
V1 B V2 B vy
These are called the symmetric equations of the line.
In this form, the symmetric equations point out that the locus of P = Py + tv
is somewhat independent of ¢; we could replace t by 2t or t3 and achieve the same

line. Also the symmetric equations yield the following relationships:
Y—Yo _ V1, Z— % _ U, 2T Z _ U2

r—xg vy x—x0 w3 Y—Yo U3
These equations may be recognized as the equations of the projected lines; that
is, the line in R?® may be projected each of the coordinate planes, producing a line
there whose equation is retreived from the symetric equations in this way.

Example 3.6. Find the slope-intercept form of the equation of the line which is
the projection of the line (1 + 4¢,3 — 5¢,2 4 t) onto the zy-plane.

Solution. We merely eliminate the third coordinate. Thus the vector equation of
the line is (14 4t,3 — 5¢). Eliminating ¢ yields ””T_l = y_—_s Thus y—3 = fg(ac —1),
soy = f%x + %. ([
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Given two lines in R?, exactly one of the following holds:
e They intersect in exactly one point.
e Their direction vectors are parallel, so we call them parallel lines.
e They do not lie on the same plane, in which case we call them skew lines.

That two distinct intersecting lines on the same plane intersect in exactly one
point is a result of Euclid’s controversial fifth postulate. The only other claim being
made here is the following intuitively clear proposition.

Proposition 3.7. Two distinct lines have parallel direction vectors if and only if
they lie on the same plane but do not intersect.

Example 3.8. Determine whether or not the lines
(2+1t,34+2t,44+3t) and (—3+2t,3—t,—1+41)
are parallel, intersecting, or skew.

Solution. The direction vectors of the lines are (1,2,3) and (2,—1,1), which are
not parallel; thus the lines are not parallel. To see if they intersect, let us call
the parameter of the second line s instead of ¢. Thus the second line becomes
(—=3+25,3—5,—1+35).

The question becomes whether or not there are real numbers s and ¢ such that
24+t=-34+2s,3+2t=3—s,and 4+ 3t = —1 +s. We assume that there is such
an s and t and try to find them. Adding the last two equations gives 7 + 5t = 2
so bt = —b and t = —1. If t = —1, then the last equation gives 4 —3 = —1 + s so
s = 2. Now plug t = —1 and s = 2 into our lines and see that they give the same
point, (1,1,1). Thus the lines intersect there. O
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5. Planes in R?

A plane in R? is determined by a point on the plane and a perpendicular
direction. A vector which is perpendicular to a plane is called a normal vector.

Let Py = (x0,%0,%0) be a given point and let n = (ny,ng,n3) be a vector.
Suppose P = (x,y,2) is a point on the plane which passes through Py and is
perpendicular to n. Then the arrow from Py to P is on the plane, and the vector
P — P, is perpendicular to the normal vector n. Thus

(P—Po)n:O

The set of all P which satisfy this equation constitute the plane; this is called the
normal equation of the plane.
Writing this in coordinates gives (x — 2o,y — Yo, 2 — 20) * (n1,n2,n3) = 0 so

ni(z — xo) +n2(y — yo) + n3(z — 20) = 0,
which can also be written
n1T + N2y + N3z = n1xo + N2yo + N320.
On the other hand, the locus of an equation
ar+by+cz=d

is a plane with normal vector (a, b, ¢). This is called the general form of the equation
of a plane.

Example 3.9. Find the general form of the equation of the plane which passes
through the point P(2,4, 1) with normal vector equal to the position vector.

Solution. We have that n = (2,4,1). The equation of the plane, then, is 2(z —2) +
4(y — 4) + (2 — 1) = 0, which simplifies to 2z + 4y + z = 21. O

If the plane is presented in the general form ax + by 4+ ¢z = d and a, b, ¢,d are
positive, the plane is particularly easy to graph. Simply find the axis intercepts by
setting two of the variables to zero.

: d . d . d
T — Intercept = — y — Intercept = 7 2z — Intercept = —
a c

Plot these points and connect the dots to obtain a nice picture of the plane.
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We realize that three points in R?® determine a plane; we now give three exam-
ples of finding the general form to the equation of such a plane.

Example 3.10. Find the equation of the plane which passes through the points
P(3,0,0), Q(0,2,0), and R(0,0,5), using intercept points.

Solution. The plane is of the form ax +by +cz =d. Let d =3-2-5 = 30. We

know that 3 = ¢ = 3% 50 ¢ = 10. Similarly, b = 15 and ¢ = 6. Thus our plane is

102 + 15y + 62 = 30." 0
Example 3.11. Find the equation of the plane which passes through the points
P(0,1,4), Q(1,0,3), and R(—2,6,0), using dot product.

Solution. Let v=Q — P=(1,—1,—-1) and w = R— P = (—2,5,—4). There is an

entire plane’s worth of vectors which are perpendicular to v, and a different plane’s

worth of vectors which are perpendicular to w; their intersection is a line which is

perpendicular to both. Let n = (n1,n2,n3) be a direction vector for this line. Then

n is a normal vector for the plane we seek. Note that any nonzero vector along this

line is a normal vector, so we anticipate some choice in our eventual solution.
Now n is perpendicular to both v and w, so

v.n=0 andw-n=0.
Multiplying this out and thinking of the n;’s as variables, this gives two equations
in three variables:
ny —nNg —Ng = 0
—27L1 + 5TL2 — 4TL3 =0
Multiply the first equation by 2, add the resulting equations, and simplify to see
that no = 2n3. Plug this into the first equation and simplify to get n; = 3ns.
Thus any vector of the form n = (3ng, 2ns,n3) is a normal vector. Set n3 =1
to get n = (3,2,1). The equation of the plane is
niT + noy + N3z = N1To + N2Yo + N320,
where (xg,y0,20) is a point on the plane. Using () as this point, we have
(1‘07 Yo, ZO) = (17 Oa 3)? SO
3z +2y+2=6.
O

Example 3.12. Find the equation of the plane which passes through the points
P(2,1,3), Q(1,5,3), and R(3,2,5), using cross product.

Solution. The vectors v = Q — P = (—=1,4,0) and w = R— P = (1,1,2) lie on
the plane. Thus their cross product is perpendicular to it, so we may use this as a
normal vector.

n=vxw=(6,2,-5)
Then use P as a point on the plane, which gives the equation 6(x —2) +2(y — 1) —
5(z — 3) = 0, which simplifies to 6x + 2y — 5z = 6. O
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Given two planes in R3, exactly one of the following holds:

e Their normal vectors are parallel, so they are called parallel planes.
e They intersect in a line.

The angle between two planes is the angle between their normal vectors.

Example 3.13. Let v = (1,2,2) and w = (2,0,1). Let Y be the plane spanned by
v and j and let Z be the plane spanned by w and k. Find the line which is Y N Z
and the angle between Y and Z.

Solution. Outline:

(1) Find the normal vectors using cross product;

(2) Cross the normals to find the direction vector of the line;
(3) Find a point on the line to produce the equation of the line;
(4) Dot the normals to find the angle between them.

O

Example 3.14. Let T be the plane given by 5z + 3y + 2z =4 and let P = (6,2,7).
Find the distance from P to T.

Solution Method 1. Find the line through P in the direction of the normal vector
of the plane. This line intersects the plane at a point Q. Then find the distance
between P and Q. O

Solution Method 2. Find any point @ on the plane. Let v = P — Q. Find the unit
normal n to the plane. Project v onto n.
We find @ by plugging in arbitrary « and y and solving for z. It is easiest to
use = 0 and y = 0, which gives that @) = (0,0,4) is on the plane.
Now find the unit normal vector of the plane. A normal vector is (5,3,1), so
(5,3,1)

the unit normal is n = AV

Project the vector v = P — Q = (6,2,3) onto the unit normal. This will give
the distance.

30+64+3 39
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proj, (v) = n-v =
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6. Lines in R"

A line in R™ is determined by a point () on the line and a direction vector v;
the points on the line are those we encounter if we proceed from @ in the direction
of v. Each such point is of the form @ + tv, where we think of the real number t as
being the time spent travelling in that direction. Thus the line is the set of points
P of the form

P=tv+Q.
Note that the distance between P and @ is equal to |¢||v]|; we may think of |v| as
the velocity with which we proceed away from the point Q.

The equation P = tv + @Q is a parametric equation; here we have a parameter ¢
which is allowed to range throughout the entire set of real numbers. The line itself
is not the locus of this equation; it is the set

L={PeR"|P=tv+Q for some t € R}.

7. Hyperplanes in R"

The construction of a line in R? and of a plane in R? through the use of a
normal vector is easily generalized to any dimension.

Define a hyperplane in R™ to be the set of all points perpendicular to a given
vector a and passing through a given point Py. If H C R™ is such a hyperplane,
then

H={PeR"|(P—-PF) -a=0}
A hyperplane in R is a point; a hyperplane in R? is a line, and a hyperplane in R3
is a plane in the standard sense. In general, a hyperplane in R" is geometrically
identical to a copy of R"! embedded in R™.

The normal equation of a hyperplane is

(P—PFy)-a=0,
where P is a variable ranging through R"™, P, is a specific point on the hyperplane,

and a is a vector which is perpendicular to the hyperplane.
The general equation of a hyperplane is

a1y + -+ apr, = b,

where (aq,...,a,) is the normal vector, z1,...,x, are coordinate variables, and
b € R. This can be derived from the normal equation, and vice versa.
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8. Linear Combinations and Spans

Let A = {v1,...,v,} CR™ be a finite set of vectors from R". A linear combi-
nation of the vectors in A is an element of R™ of the form

avr + -+ Ay Up,

where ay,...,a, € R. We may also call this a linear combination from A. We do

not place any restrictions in our definitions regarding the relative size of r and n;

however, this relative size will play a role in what we will be able to conclude.
The span of A is the subset span(A) C R™ defined by

span(A) = {w € R" | w is a linear combination from A}.

Let X C R™ be an arbitrary subset, not necessarily finite. Then define the span
of X to be the union of all spans of finite subsets of X:

span(X) = {aqv1 + - + a0, | a; ERand v; € X fori=1,...,r}.

The span of X is the set of all finite linear combinations of vectors in X; we do
not have a definition for a linear combination of an infinite number of vectors (one
could try to use limits here to get a definition in some cases).

Proposition 3.15. Let A= {vy,...,v,} CR"™. Then
(a) A C span(4);
(b) B C A = span(B) C span(A);
(c¢) X Cspan(A) = span(X) C span(A).

Proof. Since the vector v; is a linear combination of the vectors in A simply by
taking a; = 1 and a; = 0 for i # j, we get (a).

In light of this, (b) follows from (c), so we prove (c). Suppose that X C
span(A). Let B = {wy,...,ws} C X be a finite subset. It suffices to show that
span(B) C span(A). Pick an arbitrary vector w € span(B); it suffices to show that
w € span(A).

Now w = 377_,
combination of the v;, that is, w; = Zle a;;v; for some real numbers a;;. Thus

0=y = 30 () = 33 b = 3 (Lot )
j=1 j=1 i=1

j=11i=1 i=1 Nj=1

bjw; for some real numbers b;. Also, each vector w; is a linear

We have expressed w as a linear combination of the v;s, thus w € span(A). d

Proposition 3.16. Let A = {vy,...,v.} C R™. Let z,y € span(A4) and let L be
the line through x and y. Then L C span(A).

Ezercise Hint. Pick an arbitrary point on the line. It suffices to show that this
point is in span(A4). First show that the point is in span{z,y}. d

Remark 3.1. The two propositions above remain true if A is replaced by an infinite
subset of R™.
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9. Subspaces

A subset W C R" is called a subspace of R™ if

(S0) W is nonempty;

(81) z,yeW=z4+yeW,

(S2) aeRze X =axeW.

If W is a subspace of R™, this fact is denoted by W < R".

Property (S1) says that W is closed under vector addition, and property (S2)
says that W is closed under scalar multiplication. In the presence of these prop-
erties, property (SO0) is equivalent to the assertion that the origin is an element
of W. For if 0 € W, then W is certainly nonempty; on the other hand, suppose
that W is nonempty and let w € W. Then —1lw = —w € W by property (S2), so
0=w+ (—w) € W by property (S1).

Example 3.17. The set {0}, which contains only the origin, is a subspace, called
the trivial subspace. Also, R™ is a subspace of itself.

Example 3.18. Let v,w € R? and let W = span(v,w) = {av + bw | a,b € R}.

Then W is a subspace of R?. To see this, first note that 0 = 0v+ 0w € W, so (S0)

is satisfied. Next select arbitrary vectors ai1v + byw and asv 4 bow from V' and note

that their sum is (a1 + az)v + (b1 + be)w, which is also in W; thus (S1) is satisfied.

Moreover, if av+bw € W and ¢ € R, we have cav+cbw € W; thus (S2) is satisfied.
The subspace W is a plane through the origin in R3.

Proposition 3.19. Let A C R"®. Then span(A4) < R™.

Reason. Sums and scalar products of linear combinations from A are linear combi-
nations from A. O

Proposition 3.20. Let X C R™. Then X <R" if and only if span(X) = X.

Reason. Suppose X is a subspace of R". We wish to show that span(X) = X. Since
we already know that X C span(X), it suffices to show that span(X) C X. Let
w € span(X). It suffices to show that w € X. Now w is a finite linear combination
of vectors from X. Since X is a subspace, it is closed under addition and scalar
multiplication, so all sums and scalar multiples of vectors in X are also in X. Thus
linear combinations of vectors from X are also in X; thus w € X.

Suppose that span(X) = X. Let z,y € X and a € R. Then z + y is a linear
combination of vectors from X, so x +y € span(X) = X. Also az is a linear
combination of vectors from X, so ax € span(X) = X. Thus X is closed under
vector addition and scalar multiplication, i.e., X is a subspace of R™. ([l
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10. Bases

Let W be a subspace of R™. A basis for W is a subset B C W such that
(B1) span(B) =W;
(B2) C € B = span(C) C span(B).
Together, these properties state that B is a minimal spanning set. Later, we
will show that every subspace has a basis, and that all bases have the same number
of elements; we will call this number the dimension of the subspace.

Example 3.21. Let v = (1,1) and w = (1,—1). Then {v,w} is a basis for R2.
Indeed, let p = (x,5) € R? be an arbitrary point; we wish to write p as a linear
combination of v and w. This means that we wish to find real numbers a,b € R
such that p = av + bw, or (z,y) = (a,a) + (b, —b). This leads to a pair of equations
z=a+bandy=a—b Manipulate these to get a = (z +y) and b = 1(z — y).
We have found a and b in terms of the coordinates of the point p, which shows that
p € span(v,w).

Neither v nor w span R? by themselves, so {v,w} is a minimal spanning set,
so it is a basis.

Proposition 3.22. Let B C R™. Then B is a basis for R™ if and only if every
vector in R™ can be written as a linear combination from B in a unique way.

Remark. We wish to show that the “minimality” property can be exchanged for
the “uniqueness” property. We will show this later; think about why it is true. 0

The it? standard basis vector for R™ is denoted e; and is defined to be the vector
with 1 in the i*" coordinate and zero in every other coordinate. The set of all such
vectors is called the standard basis for R™.

For example, the standard basis for R* is

{617 €2, €3, 64} = {(17 07 07 0)3 (07 17 Oa 0)5 (07 07 1a 0)7 (07 Oa 07 1)}
This is indeed a basis; for example, we can write

(1,—377T, \/5) =e; — 3eqs + Teg —|—\/§€4.
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11. Linear Transformations

A linear transformation from R™ to R™ is a function
T:R* - R™
which satisfies
(L1) T(v4+w) =T(v) + T(w) for all v,w € R™;
(L2) T(av) = aT(v) for all v € R™ and a € R.

Example 3.23. Let a,b € R be arbitrary constants. The function T : R? — R!
given by T(z,y) = ax + by is linear. To see this, let v = (z1, 1), (v2,y2) € R2
Then v+ w = (x1 + z2,y1 + Y2), SO

T(v+w) =T((x1 +22,y1 + y2)
= a(xy + x2) + b(y1 + y2)
= (ax1 + by1) + (azg + byo)
=T() +T(w).
Now let v = (x,7) € R? and ¢ € R; then
T(cv) = T(cx,cy) = acx + acy = c(ax + by) = cT'(v).
Thus T is linear.

Example 3.24. The function P; : R® — R given by T(x1,...,2,) = x; is linear;
this is called projection onto the i*" coordinate.

Example 3.25. Fix an arbitrary vector w € R™. Then the function 7" : R™ — R
given by T(v) = v - w is linear.
Proposition 3.26. Let T : R™ — R™ be a linear transformation. Then

(a) T(0) = 0;

(b) T(span(A)) = span(T'(A)), where A C R™.
Proof. Let O,, denote the origin in R™ and let O,, denote the origin in R™, to
distinguish them from the 0 scalar. Then T(O,,) = T(0-0,) =0 -T(0,) = O,
since 0 times anything in R™ is O,,.

Let A C R™; for simplicity assume that A = {vy,...,v,} is a finite set. Then

T(span(A)) = T({ Z_; aiv;

a; € R}) by definition of span

= {T(Z aiUZ) a; € R} by definition of image
i=1
= { Z a;T(v;) | a; € R} since T is linear
i=1
= span({T'(v1),...,T(v:)}) by definition of span
= span(T'(A)) by definition of image
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Proposition 3.27. A linear transformation is completely determined by its effect
on the standard basts.

Proof. This means that if we know the effect of a linear transformation 7" : R" —
R™ on the standard basis, then we know its effect on all of R™. This follows from
the fact that if v € R™, then v = (aq,...,a,) for some real numbers a; € R. This
is the same as saying that v = Y. | a;e;; but since 7T is linear, we have

T(v) = T(§_3>
= iT(aiei)

n
= aiT(e).
=1
0

Remark 3.2. The above argument shows that every vector in the image of a linear
transformation is a linear combination of the images of the basis vectors.

Remark 3.3. The above argument proceeds without change if we replace the stan-
dard basis by any spanning set.

Proposition 3.28. Let wy,...,w, € R™. Then there exists a unique linear trans-
formation T : R™ — R™ such that T(e;) = w; fori=1,...,n.

Proof. Define T by T'(v) = Y., a;T(e;), where v = (a1,...,a,). This is linear
and sends e; to the vector w;. It is unique by the previous proposition. O

Remark 3.4. The above argument proceeds without change if we replace the stan-
dard basis by any finite spanning set.

Example 3.29. Define a linear transformation 7' : R® — R3 by T'(e;) = (1,2,0),
T(es) = (0,1,2), and T(e3) = (2,0,1). Let v = (1,2,3). What is T'(v)?

Solution. Note that v = e; + 2e5 + 3e3. Thus
T(U) = T(el) + 2T(€2) + 3T(63) = (15 270) =+ (07 274) =+ (6707 3) = (1747 7)
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Example 3.30. Define T : R?> — R? by T(x,y) = (z — y,x + y). Discuss the
geometric effect of 7' on R2.

Solution. Note that T'(e;) = T'(1,0) = (1,1), and T'(ez) = T(0,1) = (—1,1). On
each of these vectors, T has the effect of rotating by 7 radians and dilating by a

factor of v/2. Thus, since T is determined by its effect on a basis, we suspect that
T has this effect on the entire plane. Let’s verify this.
Select an arbitrary vector v = (x,y) € R?. Then

T =z +y.z—y)=V(@+y?+ (@ —y)? =v22%+ 22 = V2].
Thus T stretches v by a factor of V2.

Now consider v-T'(v) = (2,y)-(x—y, z+y) = 2?2 —zy+ay+y? = 2> +y* = |[v|%
If 6 is the angle between v and T'(v), we have

o 2T b
O = o) ~ Va2

Thus 6 = 7, and this is independent of which nonzero vector v we choose. O

Example 3.31. Define T : R?> — R? by T(x,y) = (z + y,x — y). Discuss the
geometric effect of T on R?.

Solution. We use ad hoc methods which we will later develop into a theory. By the
same computation, this stretches every vector by a factor of v/2. Since T stretches
every vector by the same amount, intuition tells us that any additional action of T
is either as a rotation about the origin, or as a reflection across a line through the
origin.

But T'(1,0) = (1,1) and 7'(0,1) = (—1,1); e is rotated by 7, but e; is rotated
by —%’T. Thus T cannot be a dilating rotation. We look for an line across which
T is a dilating reflection. This line would need to bisect the angle between e; and
T(e1), as well as the angle between e and T'(e2). The candidate is the line with
angle ¢ radians. Let’s verify this computationally.

Now if T is a dilating reflection, then T'(v) = v/2v, where v is the direction
vector of the line of reflection. For v = (z,y), this gives V2 = 2 + y and 2y =
x —y. Thus % = zy;y, so xy + 3% = 2% — xy, whence 3% + 2zy — 22 = 0. Via the

quadratic formula,

—2x + V4x? + 422
y= i 2x R = —x+2x.

Thus T fixes (setwise) the lines y = (v/2—1)z and y = —(v/2+41)z. The orientation
of the line with positive slope is preserved, and the orientation of the line with
negative slope is reversed. So the reflection occurs across the line y = (v/2—1)z. O
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12. Images and Preimages under Linear Transformations

Let T : R™ — R™ be a linear transformation and let V be a subspace of R™.
The image of V under T is denoted by T'(V') and is defined to be the set of all
vectors in R™ which are “hit” by an element of V' under the transformation 7"

T(V)={weR™ | w=T(v) for some v € V}.
Then T'(V) is actually a subspace of R™.

Proposition 3.32. Let T : R™ — R™ be a linear transformation and let V < R™.
Then T(V) <R™.

Proof. In order to show that something is a subspace, we need to verify properties
(S0), (S1), and (S2).

(S0) Since 0 € V and T'(0) = 0, we see that 0 € T'(V).

(S1) Let wy,wy € T(V). Then there exist vectors v1,vy € V such that wy =
T(v1) and we = T'(va). We have wy + wy = T'(v1) + T'(v2) = T'(v1 + v2). Since V.
is a subspace, v1 + vy € V; thus wy + wq € T'(U).

(S2) Let w € T(V) and a € R. Then there exists v € V' such that T'(v) = w.
We have aw = aT'(v) = T'(av). Since V is a subspace, av € U; thus aw € T(V). O

Example 3.33. Let V be the subspace of R? spanned by the vector v = (1,1);
that is, V = {(¢,t) | t € R} is a line through the origin of slope 1. Let T : R?* — R?
be given by T(x,y) = (x — y,x + y); this is linear. Then T'(V') is the subspace of
R? spanned by T'(v) = (1 — 1,1+ 1) = (0,2); that is, T(V) is the y-axis. Thus T
rotates V' by 7 radians and expands it by a factor of V2. In fact, this is the effect
of T on the entire plane.

Let T : R — R™ be a linear transformation and let W be a subspace of R™.
The preimage of W under T is denoted by T~!(W) and is defined to be the set of
all vectors in R™ which “hit” elements in W under the transformation 7"

T W) ={veR"|T(v) =w for some w € W}.
Then T—1(W) is actually a subspace of R".

Proposition 3.34. Let T : R™ — R™ be a linear transformation and let W < R™.
Then T=H(W) < R™.

Proof. We verify properties (S0), (S1), and (S2).

(S0) Since 0 € W and T'(0) = 0, we see that 0 € T—H(W).

(S1) Let vy,vo € T7Y(W); then T(vy) and T(ve) are elements of W. Now
T(v14v2) = T(v1)+T(v2), and since W is a subspace, this sum is also in W. Thus
V1 + Vg € T_l(W).

(S2) Let v € T1(W) and @ € R. Then T'(av) = aT(v); since T(v) is in W
and W is a subspace, aT'(v) € W. Thus av € T~HW). 0O

Example 3.35. Let T : R? — R? be the linear transformation given by T'(x,y) =

(x —y,y— 2,z —x). Let W = {0} C R™ be the trivial subspace of R™; here, 0

means the point (0,0,0). The preimage is given by solving the equations
r—y=0; y—z=0;, z—x=0.

Any point of the form (¢,t,t), where t € R, is a solution. Thus 7~'(W) is the line

in R? spanned by the vector (1,1,1).



13. KERNELS OF LINEAR TRANSFORMATIONS 49

13. Kernels of Linear Transformations

The kernel of a linear transformation 7' : R® — R™ is the set of all vectors in
the domain R™ which are sent to the origin in the range R™. We denote this set
by ker(T):

ker(T) = {v € R" | T(v) = 0}.

Proposition 3.36. Let T : R™ — R™ be a linear transformation.
Then ker(T) < R™.

Proof. We verify properties (S0), (S1), and (S2).

(S0) We know that T'(0) = 0; thus 0 € ker(T).

(S1) Let vy, vy € ker(T); this means that T'(v1) = T'(ve) = 0. Then T'(v1+wvs) =
T(v1)+T(v2) =04 0=0, so vy + vy € ker(T).

(S2) Let v € ker(T) and @ € R. Then T(av) = aT(v) = a -0 = 0; thus

av € ker(T). O
Alternate Proof. Since W = {0} is a subspace of R™ and ker(T) is the preimage of
W, we know that W is a subspace by a Proposition 3.34. (I

Example 3.37. Let T : R?> — R3 be given by T(z,y,2) = (x,9,0). This is
projection onto the xy-plane, and is linear. The kernel is the z-axis.

Proposition 3.38. Let T : R™ — R™ be a linear transformation.
Then ker(T) = {0} if and only if T is injective.

Proof. We must show both sides of the implication. Recall that T is injective means
that whenever T'(v1) = T'(v2), we must have v; = vs.

(=) Suppose that ker(T) = {0}. Let v1,vy € R™ such that T'(v1) = T(vs);
we wish to show that v;1 = ve. Then T'(v1) — T'(v2) = 0, so T(vy — v3) = 0, so
vy — vg € ker(T). Since ker(T') = {0}, we have v; — v = 0, so v; = ve. Therefore
T is injective.

(«<=) Suppose that T is injective. Let v € ker(T"); we wish to show that v = 0.
But T'(v) = 0 and T(0) = 0, and since T is injective, we must have v = 0. O

If W < R"™ is a subspace and v € R”, the translate of W by v is the set
v+W={v+w|weW}

Proposition 3.39. Let T : R® — R™ be a linear transformation. Let w € R™ be
in the image of T and let v € R™ such that T'(v) = w. Then

T~ (w) = v + ker(T).

Proof. To show that two sets are equal, we show that each is contained in the other.
(C) Let © € T~ (w). Then T(x) = w, so T(x) —w = 0. Since T(v) = w, we
have T'(x)—T(v) = T(x—v) = 0. Thus z—v € ker(T), so x = v+(z—v) € v+ker(T).
(D) Let € v+ ker(T). Then z = v+ y, where y € ker(T). Thus T'(z) =
Tw+y)=Tw)+T(y) =w+0=w,sox €T (w). O
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14. Sums and Scalar Products of Linear Transformations

Let S : R® — R™ and T : R™ — R™ be linear transformations identical
domains and identical ranges. We define the sum of these linear transformations
to be the function S + T given by adding pointwise:

S+T:R"—R™ givenby (S+T)w)==S5w)+T(v).

Proposition 3.40. Let S : R™ — R™ and T : R™ — R™ be linear transformations.
Then S+ T : R™ — R™ is a linear transformation.

Proof. We verify properties (L1) and (LZ2).
(L1) Let v1,v2 € R™. Then

(S +T)(vy +v2) = S(v1 + v2) + T(v1 + v2)
S(v1) + S(v2) + T(v1) + T (v2)
S(v1) + T (v1) + S(v2) + T(v2)
=(S+T)(v1) + (S +T)(v2).
(L2) Let v € RP and a € R. Then
(S +T)(av) = S(av) + T (av)

=aS(w) + aT(v)

= a(S(v) + T(v))

=a(S+T)(v).

V2

—_ —

O

Let T : R™ — R™ be a linear transformation and let @ € R be a scalar. We
define the scalar product of b and T' to be the function T given by multiplying
pointwise:

bT : R™" — R™  given by (bT)(v) = bT'(v).

Proposition 3.41. Let T : R™ — R™ be a linear transformations and let a € R.
Then bT : R™ — R™ is a linear transformation.

Proof. We verify properties (L1) and (L2).
(L1) Let v1,v2 € R™. Then

bT (v1 + v2) = b(T(v1) + T(v2)) = bT' (v1) + aT (v2).
(L2) Let v € R? and a € R. Then
bT' (av) = baT (v) = abT'(v) = a(bT'(v)).
]

Example 3.42. Let S(z,y) = (zr —y,z +y) and T(z,y) = (r + y,x — y). Then
(S+ T)(z,y) = (2z,2x). This has the effect of plummeting (z,y) vertically onto
the line y = x and then stretching by a factor of 2.
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15. Compositions of Linear Transformations

Let S: R? — R™ and T': R™ — R™ be linear transformations. The composition
of S and T is the function

ToS:RP - R™ givenby (T 08)(v)=T(S)).
Then T o S is actually a linear transformation.

Proposition 3.43. Let S : R? — R"™ and T : R® — R™ be linear transformations.
Then T o S : RP — R™ is a linear transformation.

Proof. We verify properties (L1) and (L2).
(L1) Let v1,v2 € RP. Then

T(S(v1 +v)) = T(S(v1) + S(v2)) = T(S(v1)) + T(S(v2)).
(L2) Let v € RP and a € R. Then
T(S(av)) = T(aS(v)) = aT(S(v)).
(]

The identity transformation on R™ is the function J, = J : R® — R™ which

sends every element to itself; that is, J(v) = v for all v € R™. This is clearly linear.
Actually, given any arbitrary set A, we can define the identity function on it.
Let A be a set. The identity function on A is the function

idg: A— A given by id4(a) = a.

Let f : A — B be a function. We say that f is invertible if there exists a
function g : B — A such that go f =id4 and f og = idg. The function g is called
the inverse of f, and is denoted by f~!.

Proposition 3.44. Let f : A — B. Then [ is invertible if and only if f is bijective.

Proof. To show an if and only if statement, we show implication in both directions.

(=) Suppose that f is invertible. Then there exists a function f=!: B — A
such that f=1(f(a)) = a for every a € A, and f(f~1(b)) = b for every b € B.

We wish to show that f is injective and surjective.

To show injectivity, we select arbitrary elements of A which go to the same
place under f and show that they must have been the same element in the first
place.

Let a1,az € A such that f(a1) = f(az). Then f=(f(a1)) = f~(f(az)), so
a1 = az. Therefore f is injective.

To show surjectivity, we select an arbitrary element of B and find an element
a € A such that f(a) =b.

Let b € B. Let a = f~!(b). Then f(a) = f(f~(b)) = b. Therefore f is
surjective.

(<) Suppose that f is bijective. The for every b € B there exists a unique
element a € A such that f(a) = b. Define f~* : B — A by f~(b) = a. Clearly
f~1 is the inverse of f. O

A linear transformation T : R™ — R™ is called invertible if it is invertible as a
function. If T is invertible, we have a function S : R”™ — R" such that T'o S = J,,
and SoT = J,. We will see that this implies that m must equal n. For now, we
content ourselves to be reassured that if T is invertible, its inverse is also linear.
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Proposition 3.45. Let T : R — R™ be a bijective linear transformation and let
S :R™ — R™ be its inverse. Then S is a linear transformation.

Proof. We verify properties (L1) and (L2).

(L1) Let wy,wy € R™. Since T is surjective, there exist v1, v € R™ such that
T(v1) = wy and T(vg) = wae. Then S(wy) = vy and S(wy) = va.

Now w; + we = T(v1) + T(va) = T(v1 + v2), so S(wy + we) = vy + vy =
S(wl) + S(U}g)

(L2) Let w € R™ and a € R. There exists v € R™ such that T'(v) = w. Then
S(w) = v.

Now T'(av) = aT(v) = aw, so S(aw) = av = aS(v). O

Example 3.46. Let S(z,y) = (z —y,z +y) and T'(z,y) = (r +y,z — y). Then
(T o S)(z,y) = (2z,—2y). This has the effect of reflecting the plane across the
z-axis and stretching by a factor of 2.
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16. Exercises

Exercise 3.1. Find the vector, parametric, and normal equations of the following
lines in R?

(a) The z-axis

(b) The line whose functional equation is y = —3z + 4

(c) The line whose general equation is 3z — 4y = 24

(d) The line through (2,3) and (—2,4)

(e) The line through (1,2) parallel to the vector 2i — 4j

(f) The line through (—1,1) perpendicular to the vector (8,1)

Exercise 3.2. Find the vector, parametric, and symmetric equations of the fol-
lowing lines in R3
(a) The z-axis
(b) The line through (1,2,—-1) and (—1,0,1)
(¢) The line through (1,2,3) parallel to the vector 3i — 25 + k
(d) The line through (—1,2, —3) perpendicular to the plane  + 2y — 4z = 8
(e) The intersection of the planes 2 — 3y +z =3 and z + 2y + z = —3

Exercise 3.3. Find the general equation of the following planes in R3
(a) The plane through (1,2,1) normal to the vector (4, —1,2)
(b) The plane through (1, —2, —1) parallel to the plane 22 4+ 3y — 2 =0
(¢) The plane through (1,1,-1), (2,0,2), and (0,—-2,1)
(d) The plane through (—2,0, 1) perpendicular to the line (5+¢,2 — 2t,3 +¢)

Exercise 3.4. Find the general equation of the line which is the set of all points
in R? equidistant between (5,9) and (—4, 3).

Exercise 3.5. Find the general equation of the plane consisting of all points that
are equidistant from the two points (1,1,0) and (0, 1,1).

Exercise 3.6. Find the general equation of the plane that is the set of all points
in R? equidistant to (1,3,2) and (2,0, 1).

Exercise 3.7. Find the parametric equations of the line in R3 which is the inter-
section of the planes 3z + 6y — 2z =0 and x + 2y — z = 4.

Exercise 3.8. Find the distance from the point (6, —2) to the line 4z +y =12 in
R2.

Exercise 3.9. Find the distance from the point (4, 1, —3) to the plane 2243y —z =
2 in R3.

Exercise 3.10. Find the distance from the point (5,2,1) to the line (4 4+ 2¢,1 —
t,—3 + 3t) in R3.

Exercise 3.11. Find the area of the triangle in R? with vertices (1,2), (5,—2),
and (—3,5).

Exercise 3.12. Find the area of the triangle in R? with vertices (1,2, —1), (4, 3,2),
and (—2,—-3,4).

Exercise 3.13. Find the volume of the tetrahedron in R3 with vertices (1,0,2),
(0,4,1), (—2,4,0), and (3,3,3).



54 3. LINEAR SETS

Exercise 3.14. Determine the value for ¢ such that (4,0,—2), (0,1,-5), (2,3,4),
and (5,t,—2) are on the same plane.

Exercise 3.15. Let A be the plane given by = + 2y + 3z = 6 and B be the
plane given by 3x 4+ 2y + z = 6. Let L = AN B be the line of intersection of A
and B. Let P = (1,1,1) and note that P € L. Find the equation of the plane
which is perpendicular to L and passes through the point P, expressed in the form
axr + by 4+ cz = d.

Exercise 3.16. Let S be the solution set of the equation 2% + y? + 22 = 16 Let
P = (4,0,0). Find the equation of a plane which passes through P and intersects
S is a circle of radius r for the following r:

(a) r=4
(b) r=2;
(c¢) r=3;
(d) r=1.

Exercise 3.17. In R?, the set of points equidistant to two points is a line, and in
R3 it is a plane. In R%, it is a three-dimensional hyperplane. Find the equation of
the hyperplane in R* which is the set of points equidistant to the points (1,2,3,0)
and (2,0,—1,1).

Exercise 3.18. Let v; = (3,—1) and vy = (—2,5). Show that span{vi,vs} = R?
by writing and arbitrary point (x,%y) € R? as a linear combination of v; and vs.

Exercise 3.19. Let A = {v1,...,v.} C R™. Let wy,ws € span(A).
(a) Let t € R. Show that t(w; — ws) + wy € span(A).
(b) Conclude that the line through w; and wy is contained in span(A).

Exercise 3.20. Let T : R? — R? be a linear transformation of the plane. Suppose
that T'(e2) = aT(e1) for some a € R. Show that the image of T is a line through
the origin in R2.



CHAPTER 4

Matrices

1. Motivation for Matrices

A linear transformation is completely described by its effect on the standard
basis. Given a linear transformation, we wish to compress this information (its
effect on the standard basis) into as tight a package as we can; we will call this
package a matrix.

Let T : R™ — R™ be a linear transformation. Let x € R™ be an arbitrary vector,
and call T'(x) the destination of x under T. To understand the transformation T
we wish to find a formula for T'(x). Since T'(x) is an element of R™, it is a linear
combination of the standard basis vectors e, ..., e, in R™; thus there exist ¢; € R
as i runs from 1 to m such that T'(z) = Y I", cie;; we seek a formula for the
coefficients ¢;.

Now z is a linear combination of the standard basis vectors in R", so there
exist b; € R as j runs from 1 to n such that x = 2?21 bje;. Since T' is linear, we
see that T'(z) = Z?:l b;T(e;); thus if we know where T sends the standard basis
vectors, we entirely understand T'.

For each standard basis vector e; € R", T(e;) € R™ so T(e;) is a linear
combination of the standard basis vectors in R™. Fixing j, we see that there are
real numbers a;;, as ¢ runs from 1 to m, such that T'(e;) = > -, a;je;. For our
arbitrary vector v we can write

=1 j=

The final expression in the above equation reveals that the components of T'(z) are
given by

n

C; — Zaijbj = (ail, SN 7Cl,in) . (b1, .o bn),

i=1
that is, T'(x) is the vector whose i" coordinate is obtained by collecting the i*®
coordinates of the destinations of the standard basis vectors into one vector, and
dotting that vector with x.

Thus T is completely described by the numbers a;;, as ¢ runs from 1 to m and
j runs from 1 to n. These numbers form a mathematical object known as a matrix.
The formula for ¢; above motivates our definition of matrix multiplication.

55
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2. Matrices

Let m,n be positive integers. An m X n matriz with real entries is an array of
real numbers with m rows and n columns. We put brackets around the numbers;
thus if A is an m X n matrix, we write

aill a12 N A1n,

a1 a2 . aon
A= . . <o

Am1 Am2 ... (mn

where a;; is the real number in the i*® row and the j*® column. This can become
a lot of writing; we use an abbreviated notation

(number)gjot .

In our case,

A = (aij)ij-
This notation means that a;; is in the i7" slot. You may ask, “why repeat the
ij7? The reason is, the number in the ;" slot is not always indexed by ij. For
example, if A is a 2 x 3 matrix written as A = (2);; and B is a 3 x 2 matrix written
as B = (3j —1),5, then then

2 2 2
A:{2 9 2} and B =

S =N

)
4
3

The transpose of an m x n matrix A = (a;;);; is the n x m matrix A" whose

rows are the columns of A and whose columns are the rows of A:

A" = (aji)ij-
Note that (A")® = A. An m x n matrix is called square if m = n. A matrix A is
symmetric if A* = A; note that only square matrices can be symmetric.

A row vector is an 1 X n matrix, and a column vector is a m x 1 matrix. Note
that if v is a column vector, then v’ is a row vector. From now on, whenever we
need to consider a vector from R™ as a matrix, we consider to be a column vector.

Let A be an m x n matrix. Denote the i"® row of A by A(;) and the j™ column
of A by AY). Thus Ay is a 1 X n row vector and AU) is an m x 1 column vector.

Let vq1,...,v, € R™. We consider these to be column vectors. Let

A=for|---[va]

denote the matrix whose j' column is v;; thus AV) = v;.



3. MATRIX ADDITION AND SCALAR MULTIPLICATION 57

3. Matrix Addition and Scalar Multiplication

Let A = (a;;);; and B = (b;;);; be m x n matrices. We define the matriz sum

A+ B by

A+ B = (ai; + bij)ij-
We can only add matrices of the same size. Note that if A is square, then A4 O =
O + A = A, where O is the zero matrix of the same size.

Let A = (ai;j)i; be an m x n matrix and let ¢ € R. We define the scalar
multiplication cA by

cA = (caij)ij-
We define — A to be the scalar product of —1 and A.

Note that the sum of column vectors is a column vector, and a scalar multiple
of a column vector is a column vector. Indeed, for the case of column vectors, the
definitions of matrix addition and scalar multiplication agree with the definitions
we previously gave for vectors in R™.

The zero matriz of size m x n, denoted by Z,,«, or simply by Z, is the m x n
matrix for which every entry is equal to zero: Z,,xn = (0);;.

Properties of Matrix Addition and Scalar Multiplication
Let A and B be m x n matrices and let ¢ € R be a scalar. Then
(a) A+ B =B+ A;
(b) (A+B)+C=A+(B+0C);
(c) A+Z=A4;
(d) A+ (—A) =Z;
(e) ¢c(A+ B) =cA+c¢B.

Remark. These properties are proved directly from the definitions. ([l
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4. Matrix Multiplication

Let A = (ai;)i; be an m x n matrix and let B = (b;;);x be an n x p matrix.
We define the matriz product of A and B to be the m x p matrix AB given by

n
AB = (Cik)ika where Cil. = E (lijbjk.
Jj=1

Viewing the i*" row of A and the j*" column of B as vectors in R™, we see that
Cik — A(z) . B(])

‘We have no definition for the product of an m x n matrix with a p X ¢ matrix unless
n =p. If v,w € R" as considered as column vectors, then viw = v - w.

The identity matriz of dimension n, denoted by I, or simply by I, is the
n X n matrix whose entries are one along the diagonal and zero everywhere else:
I, = (d;5)ij, where §;; is the “Kronecker delta” defined by

1 if i = j;
dij = .
0 otherwise .
Properties of Matrix Multiplication Let A and C' be m x n matrices, B and
D be n x p matrices, and E be a p X ¢ matrix. Let ¢ € R be a scalar. Then
(a) A(BE) = (AB)E;
(b) 1A= A;
(c) AL, = A;
(d) (A+C)B=AB+(CB;
(e) A(B+D)=AB+ AD;
(£) c(AB) = A(cB);
(8) (AB)"' = B'A
(h) (AB)u) = AwbB;
(i) (AB)®) = AB);
. k
() (AB){f) = A,B®.

Remark. These properties may be proved directly from the definitions, although in
some cases this could lead to a lot of notation. Of paramount importance to us are
properties (e) and (f), and we will soon examine them more closely. O

Matrix multiplication is NOT commutative.

Let © = (x1,...,2,) be a vector in R”. We view z as a column vector, that
is, as an n x 1 matrix. Thus if A = (a;;);; is an m x n matrix, the product Ax is
defined to be an m x 1 matrix:

air G2 ... Qin 1 01171 + @12T2 + - - - + A1pTy

a1  G22 ... Q2q T2 G211 + G22T2 + - - - + A2p Ty
Az = | . ) ) =

Am1 Am?2 .. Amn Tn Am1T1 + Am2T2 + -+ AmnTn

Using the distributive property of scalar multiplication over matrix addition, we
see that
Az = 21 AN 4. 42, A,

This m x 1 column vector is a linear combination of the columns of A.
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5. Matrices and Linear Transformations

We now consider the geometric interpretation of the product of a matrix and
a column vector. First we prove that this operation is linear.

Proposition 4.1. Let A be an m x n matriz. Then Ae; = AVU), where e; is the

§t standard basis vector in R™.

Proof. Since e¢; = (0,...,1,...,0), with 1 in the j*® slot, we have
Ae; =0- AW 4. 4140 1 ... 4 0. AM = AW,

Proposition 4.2. Let A be an m x n matriz. Then
(a) A(z+vy) = Az + Ay for all z,y € R™;
(b) A(ax) = a(Azx) for all x € R™, a € R.

Proof. Let z,y € R™. Then z = (x1,...,2,) and y = (y1,...,yn) for some z;,y; €
R. By definition of vector addition and matrix multiplication,
Az +vy) = (x1 +y1)AD + o 4 (2, + yn) AW
= (21 AW 4+ 2, AT (A gy, A
= Az + Ay.
Now let a € R. Then
Alaz) = az1 A + - 4 az, A"
- a(mlA(l) 4t %A(n))

= a(Ax).
|
Proposition 4.3. Let A be an m X n matriz. Define a function
Ta:R" = R™ by Ta(z)= Ax.
Then T is a linear transformation.
Proof. This is immediate from the previous proposition. O

Proposition 4.4. Let T : R™ — R™ be a linear transformation. Define a matriz

Ap = [T(e1) | -+ | T(en)]-
Then
(a) T(z) = Arx for all x € R";
(b) Ta, =T;
(C) ATA = A.

Proof. A linear transformation is completely determined by its effect on the stan-
dard basis. The effect of A7 on the standard basis is the same as that of T'; but
A7 induces a linear transformation, so it must be the transformation 7' O



60 4. MATRICES

Thus m x n matrices correspond to linear transformations from R” to R™. The
zero matrix corresponds to the zero transformation (that transformation which
sends every element to the origin), and the identity matrix corresponds to the
identity transformation (that transformation which sends every element to itself).

We emphasize that the columns of a matrix A are the destinations of the
standard basis vectors.

Example 4.5. Find the matrix Ry of the linear transformation 7" : R? — R? which
rotates the plane by an angle of 6 radians.

Solution. We only need to discover what T" does to the standard basis vectors. We
see that T'(e1) = (cosf,sinf) and T'(ez) = (—sinf, cosd). Then

cosf —sinf
Re_AT_[sinG COSH]'

Select a point on the unit circle to test this: Then

sin o sin 0 cos a + cos 0 sin o

_ [005(9 + oz)} )

sin(60 + «) |’

{cos a} [cos 0 cos a — sin @ sin a}
9 P

this is what we would expect. ([

Example 4.6. Find the matrix Fy of the linear transformation T : R? — R? which
reflects the plane across a line whose angle with the z-axis is 6.

Solution. We see that
T(e1) = (cos 26, sin 26)
and that - -
T(ez) = —(cos(260 + 5),Sin(29 + 5) = (sin 26, — cos 20).
Thus
o [cos 20 sin26 }
o sin20 —cos26|°



6. MATRICES AND COMPOSITIONS OF LINEAR TRANSFORMATIONS 61

6. Matrices and Compositions of Linear Transformations

We now consider the geometric interpretation of matrix multiplication. Recall
that if 7 : R® — R™ and S : R, — R, are linear transformations, then the
composition 705 : RP — R™ given by ToS(z) = T'(S(z)) is a linear transformation.

Proposition 4.7. Let A be an m x n matriz and let B be an n X p matriz. Then
TAB = TA o TB-

Proof. This means that the transformation associated to a product of matrices is
the composition of the associated transformations. To show this, we only need to
show that these transformations have the same effect on an arbitrary basis vector
er € RP,

The k™ column of AB is equal to A times the k™" column of B, and we have
seen that multiplying a matrix by e picks out the k' column, so

Tag(er) = (AB)®) = AB®),
On the other hand,
Ty oTg(er) =Ta(B®) = AB®.

Thus these transformations have the same effect on e;, and we conclude that they
are the same transformation. (]

Proposition 4.8. Let T : R" — R™ and S : R, — R,, be linear transformations.
Then
Aros = ArAg.

Proof. This means that the matrix associated to a composition of transformations
is the product of the associated matrices. It suffices to show that the k™ column
of Arog is the same as the k' column of ArAg. But

AR =T o S(ex) = T(S(er))

and
ATA(Sk) = ArAger, = ArpS(er) = T(S(ex)).
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Example 4.9. Let S : R?> — R? be the linear transformation which stretches the
plane horizontally by a factor of 2, and let T : R? — R? be the linear transformation
which rotates the plane by 90 degrees (all rotations are counterclockwise). Then

0 1 1 0
Note that intuitively we see that T'o S and S oT have different effects on the plane.

Indeed,
BA{O _01} but AB[O _2].

AASF 0] and BAT[O _1}

2 1 0
We see that matrix multiplication is NOT commutative.

Example 4.10. Show that the composition of rotations is a rotation whose angle
is the sum of the original angles.

Solution. We compute with matrices:

R Ra— [cosae —sinal [cosf —sing
i = sina cosa | |sinf  cosf3
[cosacos f —sinasin3  — cosasin 3 — sina cos 3

sinacos B+ cosasinl  sinasin 3+ cosacos 8

_ Jeos(a+B) —sin(a + B)}
sin(a+ 3)  cos(a+f3) |
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7. Matrices and Invertible Linear Transformations

Recall that the identity transformation J,, : R™ — R™ is the function that has
no effect on R"™; it is given by J,,(v) = v. Since the identity matrix I, has no effect
on the standard basis (viewed as column vectors), we see that

AJ71 = In and T[n = Jn

Recall that a linear transformation 7' : R™ — R™ is invertible if it is bijective,
in which case there is an inverse function 77! : R™ — R"™ such that 7" o T = J,,.

Suppose that T : R® — R™ is an invertible linear transformation. We will
see that this implies m = n; for now, just assume m = n. Then the matrix
corresponding to 7' is an n X n matrix; that is, it is square.

Suppose that T is invertible; then ToT~! =T 1 oT = idg~. Then ArAp—1 =
AT—lAT = Aid =1.

A matrix A is called invertible if there exists a matrix B such that AB =
BA = I. We see that two matrices are invertible if and only if the corresponding
linear transformations are bijective. The matrix B is called the inverse of A, and
is denoted by A~!. Note that A~! is invertible (with inverse A).

Properties of Matrix Inverses

Let A, B, C, and D be square matrices of the same size.
(a) Inverses are unique.
(b) If A and B are invertible, then so is AB, with (AB)~! = B~1A~1.
(¢c) It AC=DA =1, then C = D.

(d) If AB =1, then BA =1, so A and B are invertible.

Proof of (¢) goes as follows. If AC = I and DA = I, then DAC = DI = D
and DAC =UC =C. Thus C = DAC = D.

Proof of (d) is postponed for now.

Now if T : R™ — R"™ is bijective, then for every b € R™ there exists a unique
x € R™ such that T'(x) = b; indeed, we have x = T~1(b). In matrix form, this says
that the matrix equation Az = b has a unique solution, given by x = A~1b.

We would like a method to find A=1. The idea is to “dissolve” A by multiplying
both sides of the equation AX = I with invertible matrices: F1AX = E{I = FEj,
then EoE1AX = E,FE,, et cetera, at each step getting closer to the identity
(e.g. E3F;A looks more like the identity than FE;A), until finally we obtain
E, --F1AX = E,---FE, where E,,---F1A =1,s0 X = E,,---E;. Now X is
the product of invertible matrices, so it is invertible, and it is the inverse of A since
AX =1.
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8. Elementary Row Operations and Elementary Invertible Matrices

The invertible matrices F; mentioned above are called “elementary”; they cor-
respond to elementary row operations. A row operation is a way of modifying a
row of a matrix to change it into a different matrix. Tradition demands that we
list three elementary row operations:

Ri +cR; Type E Multiply ;" row by ¢ and add to i*® row
cR; Type D Multiply " row by ¢
Ri < R; TypeP Swap the i*" row and the j*® row

For each of these three row operations, there is an invertible matrix FE such
that F'A is the result of the row operation applied to A. To find F, just perform
the row operation on the identity matrix.

E(i,j;¢) is I except a;; = ¢; E(i,j;¢)~! = E(i, j; —c).

D(i;c) is I except a;; = ¢; D(i;e)™t = D(i;¢71).

P(i,j) is I except a;; = aj; = 0 and a;; = aj; = 1; P(i, j) ' = P(i, 5).

We give an organized algorithm for applying row operations to attempt to find
the inverse of a matrix.

Algorithm for Row Reduction of a Square Matrix to Find an Inverse

e Make all entries below the diagonal into zero, starting with the second
entry in the first column, proceeding downward, then doing the third
column, etc.

e Make all diagonal entries equal to one.

e Make all entries above the diagonal zero, starting with the lowest entry
in the last column, working upward in that column, then starting on the
next to last column, etc.

Step one is always possible; it may be necessary to swap some rows to do this.
Use only type E and P row operations.

Step two is possible if all diagonal entries are nonzero via use of type D row
operations; otherwise, the matrix is not invertible. To see this, let () be the matrix
obtained after step one, and suppose that ng; = 0 is the first zero diagonal entry.

Then all entries in column i below the diagonal are also zero, so Q) is a linear
combination of the previous columns (to see this may take some effort, but it is
true); say QW = a1QMW + - +a;_1QU~V. Then aje; + - +a;_ Q0" —¢; is in
the kernel of T4, so T'4 is not injective, and A is not invertible.

Step three is possible whenever step two is possible. Use only type E row
operations.

Thus every invertible matrix is a product of elementary invertible matrices.
To see this, let A be invertible and suppose that X is its inverse. Then AX = I.
Following the above algorithm, we obtain elementary invertible matrices F1, ..., E,
such that

X=E - -FHAX=EFE.---E1I=FE, - FE;.
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9. Introduction to Linear Equations

Consider the system of linear equations
3x1 — 4dae = 11;
T+ 2x9 = 7.

Solving this system means finding z; and xo which make the equations true.

The loci of the equations 3z, — 429 = 11 and 21 + 222 = 7 are lines in R?
(we have replaced the standard x and y by 1 and x5 because we want to use the
variables z and y to indicate vectors). So we interpret this problem as finding the
intersection of two lines.

A second geometric interpretation of the problem comes from forming the ma-
trix of coefficients and the column vectors

3 —4 T bl
S (Y R R
and considering the matrix equation Az = b. Since A corresponds to a linear
transformation, solving the system of equations is equivalent to finding the preimage
of the point b under this linear transformation.

To solve this system, we can multiply the second equation by 2 and add it to
the first to get bxy = 25, so x1 = 5; then plug this into the second equation to get
5+ 2x9 =7,80 9 = 1.

Generalizing this solution technique to many equations in many unknowns
could lead to a lot of confusion and difficulty without a more organized approach.
We now search for a failsafe algorithm for finding the solution.

10. Linear Equations
A linear equation in n variables z1,...,x, is an equation of the form
a1y + -+ apy, = by,

where a1,...,a,,b; € R are fixed constants.
Let a = (a1,...,a4), * = (x1,...,%,), and ¢ = (2—11,0,...,0). The above
equation becomes a-x = a - ¢, or

(x—¢q)-a=0.

We recognize this as the equation of a hyperplane in R™ through the point ¢ with
normal vector a.
Consider an arbitrary system of linear equations

1121 + -+ Q1nTp = by

a1 + -+ ATy = bs

a1n®1 +  F CmnTn = by

where a;;,b; € R are constants and x; are indeterminants.

Our goal is to use invertible matrices to help us solve such systems of linear
equation; that is, we wish to find all vectors € R™ such that when we plug their
coordinates into the equations, all of the resulting equations are true.
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One geometric interpretation of this problem is to find the intersection of the
hyperplanes in R™ which are the loci of the given equations.

A second geometric interpretation comes from forming the matrix A = (a;;);;.
Then setting © = (z1,...,2,) and b = (by,...,by), we see that the solution set
of the matrix equation Ax = b is exactly the solution set of the system of equa-
tions. This matrix equation, stated in terms of linear transformations, is T4 (z) = b;
solving means finding T;l(b), the preimage of the point b under the linear trans-
formation T4.

Our approach to the problem uses matrices; we seek column vectors z such
that Ax = b.

A general solution is the set of all such column vectors x.

A particular solution is a specific such column vector .

The system is called homogeneous if b; = 0 for ¢ = 1,...,m. In this case,
solving the system of equations means finding the kernel of T4. Otherwise, the
system is nonhomogeneous.

We have seen that if b is in the image of T, say Ta(v) = b for some v € R™,
then T71(b) = v + ker(T4). If T4 is injective, then ker(T4) consists of a single
point (the origin), so T71(b) = {v}. Otherwise, ker(T4) is a nontrivial subspace,
so v+ ker(T4) at least one line, and possibly a plane or more. Thus there are three
possibilities:

(1) there are no solutions (b is not in the image of Ty);
(2) there is exacly one solution (T4 is injective);
(3) there are infinitely many solutions (T4 has a nontrivial kernel).

If we have infinitely many solutions, they are of the form
Vo + €11 + -+ + CR Uk,

where vg, ..., v, are vectors which span the kernel of T4, c1, ..., ck are free scalars,
vg is a particular solution to Az = b, and cqvy + - - - + cpvi is the general solution
to the homogeneous equation Az = 0 (the kernel of T4).

Suppose that there exists an invertible matrix E such that the matrix E'A has
a particularly nice form. Then Ax = b = EAx = Eb; since E is invertible, we have
FEAx = Eb = E~'EAx = E7'Eb = Az = b. Thus the solution set of Az = b
is exactly the solution set of EAx = Eb, so is suffices to find the solution set of
EAx = Eb.

The nice form we refer to here is known as reduced row echelon form.
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11. Reduced Row Echelon Form

A matrix is said to be in row echelon form if

i. All zero rows lie below nonzero rows;
ii. The first nonzero entry in any row appears in a column to the right of the
first nonzero entry in any preceding row.
The first nonzero entry in a row is called a pivot.

Given a matrix A, there is a sequence of row operations which brings A into
row echelon form. The final product is not unique.

A matrix is said to be in reduced row echelon form if

i. It is in row echelon form;
ii. All the pivots equal 1;
iii. All nonpivot entries in a column containing a pivot are equal to 0.

Given a matrix A, there is a sequence of row operations which brings A into
row echelon form. Although the sequence of row operations is not unique, the final
product is unique.

Gaussian elimination is an algorithm for using elementary row operations to
bring a matrix into reduced row echelon form. There are two stages: forward
elimination brings the matrix into row echelon form, and backward elimination
brings the row echelon matrix into reduced row echelon form.

Forward elimination:

(1) Start with the first column, and proceed through all columns in order.

(2) If the diagonal entry in the column is zero, permute with the first available
lower row so that the diagonal entry is nonzero (use P).

(3) Eliminate all entries below this one in order (use E).

Note that forward elimination does not use D. Also note that this algorithm is
so specific, the sequence of elementary matrices and the row echelon form obtained
is unique.

Backward elimination:

(1) Make all pivots equal to one (use D).
(2) Starting from the right, working upward then leftward, make all entries
above a pivot equal to zero (use E).

To solve a system of linear equations Az = b, form the augmented matrix
[A | b] and work on A and b simultaneously. Perform forward elimination and
backward elimination on A, and then read off the solution. We describe this last
step momentarily.
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Once the matrix is in reduced row echelon form, it is easy to read off the general
solution. We give an example, then list the exact steps to take.

Example 4.11. Consider the matrix equation

Eal
1 2 0 0 0 0| [a2 1
001 0 0 0] [z3| |2
0 00 1 5 0| |z4 |3
00 0 0 0 1] |z5 4
Tg

Computing the matrix product on the left gives

1 + 229

1
2
T4 + 525 3
4

The solution set of this equation is a subset of R®, so we actually seek six dimensional
vectors. Insert the free variables into the equation in an appropriate fashion to
arrive at

T + 229 [1
T2 T2
T3 _ 2
T4+ 5585 - 3
Ts5 Is
Te L 4
By the definition of vector addition, this is the same as
T 2 0 1] [0 0
To 0 0 0 1 0
T3l 0 g 0] _ |2 g 0 g 0
T4 210 > 15 3 >0 > 10
T5 0 0 0 0 1
Zg 0 0 4] 10 0
Subtract the free columns from both sides and use the distributive property to
obtain _ ~
X1 1 —2 0
xTo 0 1 0
I5 0 0 1
Tg 4 0 | | 0
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12. Solution Method

Let A = [a;;];; be an m X n matrix, = [z1,...,2,]" an n-dimensional variable
column vector, and b = [by,...,b,] an m-dimensional constant column vector.
Then the solution set of the matrix equation Az = b is the solution set of a system
of linear equations.

Let O be the product of all the elementary matrices whose corresponding row
operations bring the matrix A into row echelon form, that is, those used in forward
elimination. Set Q = OA, where @ is in row echelon form. Let ¢ = Ob. Then the
solution set of Az = b is equal to the solution set of OAx = Ob, i.e., Qr = c.

At this point, we can tell if there is no solution: this happens when the a row
of the nonaugmented matrix contains only zeros, but the corresponding entry of
the augmentation column is nonzero. We can also tell if the solution is unique: this
happens when the number of nonzero rows equals the number of columns.

Let U be the product of all the elementary matrices whose corresponding row
operations bring the matrix A into reduced row echelon form; that is, R = UA,
where R is in reduced row echelon form. Let d = Ub. Then the solution set of
Ax = b is equal to the solution set of UAx = Ub, i.e., Rx = d. We describe how to
read off the general solution from the matrix equation Rx = d.

We say that RY) is a basic column if RY) (or Q(j)) contains a pivot; otherwise
RUY) is a free column.

We say that z; is a basic variable if AU) contains a pivot; otherwise x; is a free
variable.

The general solution will be of the form

vo + Cc1v1 + -+ CR U,

where k is the number of free variables; we have k = n — r, where r is the number
of nonzero rows.

The vector vy is the particular solution obtained by setting the free variables
equal to 0 and solving for the basic variables.

The vectors v; are found by replacing d by the zero vector, setting the i*" free
variable equal to 1 and the other free variables equal to 0, and solving for the basic
variables.

We can read off the general solution from the reduced matrix as follows:

(1) eliminate any zero rows at the bottom of the reduced matrix;
(2) insert a zero row at row ¢ for every free variable x;;

(3) multiply each free column by —1;

(4) add e; to each free column for every free variable x;;

(5) the particular solution is now the augmentation column;

(6)

6) the homogeneous solution is now the span of the adjusted free columns.
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13. Geometric Interpretation of Systems of Linear Equations

We have two geometric interpretations for solving a system of linear equations:
as the intersection of the loci of the equations, and as the preimage of a linear
transformation. How do these geometric interpretations correspond?

Reconsider the system of linear equations

31’1 — 4.%‘2 = 11;
xr1 + 21’2 =T.

There are two ways of viewing this problem geometrically:

We want to find a point (x1,x2) which satisfies both equations, that is, which
lies on both lines. This is an AND condition, and AND corresponds to the set
operation of intersection (just as OR corresponds to the set operation of union);
so we intersect the lines (which are, after all, subsets of R?) and find that the only
point of intersection is (11, 7).

The second geometric interpretation comes from putting the coefficients on the
left hand side of the system of equations into a matrix A, the indeterminates into
a column vector z and the values on the left hand side into a column vector b:

o 3 —4 . o T . _ 11
A_[l 2}, m—[zJ, andb—{,?]

We see that solving the system of equations is equivalent to solving the matrix
equation
Ax =b.
But A corresponds to a linear transformation T); thus we seek the preimage of b
under the linear transformation T'y4.
How do these two geometric interpretations coincide?
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14. Component Functions
Let f:R™ — R™. For each ¢ € {1,...,m}, define a function
fi :R" =R by fi(v) = proj,, f(v);
this is called the i*" component function of f.

Example 4.12. Let f : R — R? be given by f(t) = (cost,sint). Then f; = cos
and f, = sin. Note that the image of the function f is a circle in R2.

As this example shows, we may turn our definition around; that is, given m
functions fi,..., fm : R® — R, we construct a function f : R®™ — R™ by defining
@) = (A1(0), fnl0)):

Now let f1 : R? — R be given by fi(x,y) = 3z—4y and let f5 : R? — R be given
by fa(x,y) = x+2y. The line in R? which is the locus the equation 3z; —4xy = 11
is the preimage of 11 under the function f;; the second line is the preimage of 7
under fo. A solution (z1,x2) for the system of equations is an element of the set
A n ).

Define f : R? — R? by f(x) = (fi(x), f2(x)); that is, f(x1,72) = (321 —
4x9,x1 + 2x9). Then the solution to the system of linear equations we started out
with is the preimage of the point (11,7) under this new function; that is, we wish
to find v such that f(v) = (11,7), which is the same as saying that we wish to
discover the set f~(11,7) = f;(11) N f5 (7).

By a previous proposition, we see that the function f is a linear transformation;
let us relabel it by T'.

Solving the system of equations is equivalent to finding the preimage of the
point (11,7) under the linear transformation 7' : R? — R? given by T(xy,15) =
(3z1 — 4o, 1 + 2x2). What is the effect of T on the standard basis, and what is
the matrix associated to 17

We have T'(e;) = T(1,0) = (3,1) and T(e2) = T(0,1) = (—4,2). Thus the
matrix which corresponds to T is

3 —4
=[]
and finding the preimage of (11,7) under T is equivalent to solving the matrix

equation

Ar =0b, wherex = [xl} and b= [11} .
) 7
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In general, we have m equations in n unknowns. We obtain an m x n matrix
A of coefficients, an n x 1 column vector b of indeterminates, and an m x 1 column
vector of values. Solving the system is equivalent to solving the matrix equation
Az = b. The associated transformation T" = T4 is obtained by creating m linear
functions T; : R™ — R given by the left hand sides of our equations; these become
the component functions of 7' : R™ — R™. The preimage of each T; at b; is a
hyperplane in R™. The solution set is the intersection of the hyperplanes, which is
the same as the preimage of the point b under the linear transformation 7.

We may also view this as follows. Let f : A — B be any function, and let
C,D C B. Then f~3(C N D)= f~1(C)n f~1(D).

Let H; be the hyperplane in R™ (the range of T') given by

H;={(y1,---,ym) ER™ | y; = b; }.

Then

{b} =nNi¥, H;.
Let L; be the hyperplane in R™ (the domain of T') which is the locus of the equation

@i + -+ Qinxp = b;.

Then if X is the solution set to our system of linear equations, we have

X =N, L.
But L; = T~'(H;), and

X =N T HH;) =T "N~ Hy) =T 1(b).

15. Geometric Interpretation of the Solution Process

We have the matrix equation Ax = b, where A is an m X n matrix. We know
that A corresponds to a linear transformation 7" : R” — R™. The columns of A
are the destinations of the standard basis vectors in R™ under the transformation
T. We ask if b is a linear combination of these destinations, in which case there is
a solution to the equation.

When row reducing the augmented matrix [A | b], we are in theory multiplying
both sides of the equation Az = b by elementary invertible m x m matrices. Each
such multiplication corresponds to an invertible linear transformation of R™, which
is the range space of the linear transformation 7. What in fact we are doing
is transmuting R™ so that the labeling of the destinations of the standard basis
vectors is more to our liking; in the process, b is also moved to a new location.
That is, we are relabeling the points in R™ so that we can see more clearly the
manner in which b is a linear combination of the destinations of the standard basis
vectors.
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16. Review and Example

Gaussian elimination is an algorithm for using elementary row operations to
bring a matrix into reduced row echelon form. There are two stages: forward
elimination brings the matrix into row echelon form, and backward elimination
brings the row echelon matrix into reduced row echelon form. The algorithm is so
specific that each stage is completely determined.

To solve a system of linear equations Az = b, form the augmented matrix
[A | b] and work A and b simultaneously. Perform forward elimination and backward
elimination, and then read off the solution.

Consider the system of linear equations

x1 + 2209 + 223 = =7
31’1 + 61’2 =9
—21‘1 — 4332 — X3 = -1

Let A be the matrix of coefficients, b be the column vector of values, and = be the
column vector of variables. The matrix equation Ax = b is

1 2 2 1 -7
3 6 0 2| =19
-2 -4 -1 |z3 -1
In augmented form, we write this as
1 2 2 | =7
3 6 0 | 9
-2 -4 -1 | -1

Forward elimination:
(1) Start with the first column, and proceed through all columns in order.
(2) If the diagonal entry in the column is zero, permute with the first available
lower row so that the diagonal entry is nonzero (use P : R; < R;).
(3) Eliminate all entries below this one in order (use E : R; + cR;).

In our example, the row operations Ry — 3Ry and R3 + 2R; produce

12 2 | =7
00 —6 | 30
00 3 | —15

This completes the requirements for column one. Now do column two via R34+ % R—2
to obtain

12 2 | -7
00 —6 | 30];
00 0 | 0

this is in row echelon form, so this is the end of forward elimination. The row
of zeros on the bottom tells us that the general solution contains infinitely many
solutions.
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Backward elimination:

(1) Make all pivots equal to one (use D : cR;).
(2) Starting from the right, working upward then leftward, make all entries
above a pivot equal to zero (use E : R; 4+ ¢cR;).

Apply row operation —%Rg to obtain

(1 2 2 | -7
00 1 | =5
00 0 | 0]
Now all of the pivots are equal to one. Finally, row operation Ry — 2R, produces
(1 2 0 | 3]
00 1 | -5
00 0 | 0]

This is reduced row echelon form.

Solution readoff:

(1) eliminate any zero rows at the bottom of the reduced matrix;

(2) insert a zero row at row ¢ for every free variable x;;

(3) multiply each free column by —1;

(4) add e; to each free column for every free variable z;;

(5) the particular solution is now the augmentation column;

(6) the homogeneous solution is now the span of the adjusted free columuns.
The basic variables are 21 and x3 and the free variable is x5.
Step (1):

1 20 | 3]

0 0 1 | -5
Step (2):

(1 2 0 | 3]

00071 O

0 0 1 | -5
Step (3):

(1 -2 0 | 3]

0 0 0] 0

0 0 1 | -5
Step (4):

1 -2 0 | 3
0 1 0] O
o 0 1 | =5
Step (5): A particular solution is (3,0, —5)
Step (6): The homogeneous solution is the subspace of R spanned by the
vector (—2,1,0).
The general solution is
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How this works

Row operations on matrices correspond to operations performed on the system
of linear equations which produce equivalent systems; that is, systems with the
same solution set. Therefore the original system

T+ 2x9 + 223 = —7
3r1+6x2 =9
—21’1 — 4%2 — T3 = -1
has the same solution set as the system given by the reduced row echelon form,
which is
$1—2l‘2:3$3:—50:0
Now solution readoff proceeds as follows.
Step (1): the last equation contains no information, so we eliminate it.
Step (2) and Step (4): Insert an equation x5 = x9; this is certainly true.

Step (3): Solve equation ¢ for variable x;. We subtract —2z5 from both sides
of equation one; this corresponds to multiplying a free column by —1.

1 = 3+ 229
o =04 1o
r3 = —5 4 0x2
In matrix form, this is
3 -2

=0 +a2| 1
-5 0
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17. Exercises

Exercise 4.1. Let d,e € R and set

2 1 2 2 2 1 0 0 1 0 O
A=|1 1 1|, B=|1 2(, E=le 1 0|, D=0 1 0
01 2 0 4 0 0 1 0 0 d
Compute
(a) AB;
(b) DEB;
(c) AD;
(d) A—L.
Exercise 4.2. Let
3 =2
=5

(a) Find the inverse of A.
(b) Use (a) to solve the system of linear equations

31 — 229 =3
—2x1 +4x9 =5
Exercise 4.3. Find the general solution to the system of linear equations
T+ To+ 2x4 + x5 =4
201 +x9 — 23+ 25 =5
4x1 4+ 329 — 3 + 44 + 425 = 13
Exercise 4.4. Consider the system of linear equations
201 + 220 +x3 =3
3rz = =7
Sro =2
(a) Form the matrix A of coefficients, the column vector b of values, and the
column vector x of variables.

(b) Find the matrix A~!.
(c) Use (b) to solve the matrix equation Az = b.
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Exercise 4.5. Consider the system of linear equations
T —2x9 +x3 =2
—2x1 +4x2 — 23 = —5
T —2x9 + 223 =1
Let A be the matrix of coefficients, b the column vector of values, and = the col-
umn vector of variables. Use Gaussian elimination (forward elimination, backward
elimination, and solution readoff) to find the general solution to this system.
Exercise 4.6. Consider the system of linear equations
T, — 2x9 + a3 =2
—2x1 + 419 — 23 = =5
T —2x9 + 223 =1
Let A be the matrix of coefficients, b the column vector of values, and z the col-

umn vector of variables. Use Gaussian elimination (forward elimination, backward
elimination, and solution readoff) to find the general solution to this system.

Exercise 4.7. Let T : R3 — R3 be the linear transformation whose corresponding
matrix is

1 -2 1
A=|-2 4 -1
1 -2 2
Let b= (2,-5,1) € R3. Viewing this as a column vector, we have
2
b= |-5
1

(a) Use forward elimination to put A into row echelon form Q. Record all
row operations. Perform these row operations on the identity matrix I
to obtain the matrix O which is the product of the elementary invertible
matrices which correspond to the row operations. Now OA = Q). Does T
have a kernel?

(b) Use backward elimination to put @ into reduced row echelon form R.
Record all row operations. Perform these row operations on O to obtain
a matrix U. Now UA = R.

(c) Use solution readoff to find the kernel of T

(d) Compute d = Ub and use solution readoff of find the preimage under T
to the point (2,—5,1).

(e) Find the general solution to the system of linear equations

1 — 2209+ 23 =2
721’1 +41’2*£L’3 =-5
T —2r9 + 223 =1
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Exercise 4.8. Let R? = {(z,y,2) | 7,9,z € R} and view R? = {(z,y) | 7,y € R}
as a subspace of R3.

Let T : R® — R? be the linear transformation which first rotates R? by 90 degrees
around the z-axis, then rotates R?® by 60 degrees around the z-axis, and then
projects R onto the zy-plane.

(a) Find the matrix A corresponding to T (its columns are the destinations of the
standard basis vectors).

(b) Find T'(z,y, 2) (plug the column vector ([z,y, 2]* into Ar).

(c) Find ker(T) = {(z,y,2) € R® | T(z,y,2) = (0,0)}.

Exercise 4.9. Each 3 x 3 elementary matrix E corresponds to a linear transfor-
mation Tg : R? — R3.
Describe its geometric effect on 3-space.

Exercise 4.10. Let A be an m x n matrix.

We say that A is right invertible if there exists a n X m matrix B such that
AB = 1I,,.

We say that A is left invertible if there exists a n x m matrix B such that
BA=1,.

Let T4 : R® — R™ be the linear transformation corresponding to A. Exactly
two of the following statements are true:
(a) A is right invertible if and only if T is injective;
(b) A is right invertible if and only if T4 is surjective;
(c) A is left invertible if and only if T4 is injective;
(d) A is left invertible if and only if T4 is surjective.
Decide which two statements are true and explain why they are true.



CHAPTER 5

Vector Spaces

1. Introduction to Abstraction

Mathematics may be described as the study of patterns; not only patterns that
arise is the real universe, but of all possible patterns that may arise in any universe.

Abstraction is the process of identifying the key attributes in a system and
extracting them; these key attributes may be called defining properties. Then
one investigates the implications of these attributes, disembodied from the system
which originally motivated their investigation. The investigation is rigorous, and
all conclusions drawn are supported purely by logic, not by the physical world.
This support is called proof. Together, abstraction and proof are the mathematical
method; they allow us to isolate and study patterns.

This method has three main benefits.

(1) The proof aspect ensures that all claims made are true (given the as-
sumptions); additionally, it is often the proof itself that illuminates the
situation so that we understand it more fully.

(2) The abstraction allows one to see exactly how the identified key attributes
lead to the behavior being displayed in the motivating system.

(3) All results apply to any system which obeys the defining properties.

For example, the set R of real numbers has many attributes which effect how
we think of them, for example:

e Order

e Distance

e Algebra
Although these attributes are interelated in the case of the real numbers, by looking
at systems which a priori have only order, distance, or algebra, we obtain a better
understanding of how these attributes effect our understanding of the real numbers.

In particular, we will see that in the case of vector spaces, the abstracted
properties are so universal that they appear repeatedly in various forms, and we
benefit from the abstraction we now make.

We use standard English and assume the laws of logic as determined by truth
tables, a preliminary knowledge of set theory, and the basic algebraic properties of
the sets N, Z, Q, and R. We make no other assumptions, and proceed to develop
a complete theory from this starting point. In our examples and applications,
however, we may assume previous knowledge, such as calculus.

79
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2. Vector Spaces

Definition 5.1. A vector space over R is a set V' together with a pair of operations
+:VxV -V and -:RxV =V,

called vector addition and scalar multiplication respectively, satisfying
(V1) v+w=w+wv for all v,w € V;
(V2) v+ (w+z) = (v+w) 4+« for all v,w,z € V;
(V3) there exists Oy € V such that v 4+ 0y = v for all v € V;
(V4) for every v € V there exists w € V such that v + w = Oy;
(V5) 1-v = for every v € V;
(V6) (ab)v = a(bv) for every v € V and a,b € R;
(V7)) a(v+w) = av + aw for every v,w € V and a € R;
(V8) (a+b)v=av+bv for every v € V and a € R.

The elements of V' are called vectors.

Remark 5.1. The - is usually suppressed in this notation (as in (V6), (VT7), and
(V8)); scalar multiplication is instead denoted by juxtiposition.

Remark 5.2. Elements are added two at a time. However, because of property
(V2), parentheses are useless to distinguish the order of addition. That is,

U1 + cae + Un
makes sense without inserting parentheses to denote the order in which the elements

are added, since any order gives the same result.

Remark 5.3. In the absense of parentheses, the operations of vector addition and
scalar multiplication are written with - having higher precedence over +. For ex-
ample, if a,b € R and v,w € V, ax + by means (az) + (by).
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3. Examples of Vector Spaces
Example 5.2. Let V = {0}. Then V is called the ¢rivial vector space.

Example 5.3. Let R be the set of real numbers, together with their standard
addition and multiplication.
Then R is a vector space.

Example 5.4. Let R™ be the set of ordered n-tuples of real numbers, together
with vector addition and scalar multiplication as defined previously.
Then R™ is a vector space.

Example 5.5. Let V' C R™ be a subspace of R™ under our previous interpretation,
together with vector addition and scalar multiplication from R™.
Then V is a vector space.

Example 5.6. Let M,,«,, be the set of m x n matrices with real entries, together
with matrix addition and scalar multiplication as defined previously.
Then M,,, «., is a vector space.

Example 5.7. Let I C R be an open interval. Let F(I) = {f : I — R} be the set
of all functions from I into R. Note that we have specified such a function if we
specify its value at every point in I. Define addition and scalar multiplication by

(f+9)(t) = f(t) +9() where f,g € F(I),t € I;
(af)(t) =a(f(t)) where feF(I),acR,tel.
Then F(I), together with these operations, is a vector space.
Example 5.8. Let P denote the set of all polynomial functions with real coeffi-

cients, and for each n € N, let P,, denote the set of all polynomial functions of
degree less than or equal to n with real coefficients:

P={f:R—=R]| f(zx) =ap+ a1z + -+ apa™ where a; € R;n € N};
P, = {f € P | deg(f) < n}.
Define addition and scalar multiplication on these sets as in the case of F(I).

Then P and P,,, together with these operations, are vector spaces.

Example 5.9. Let V and W be vector spaces. Define vector addition and scalar
multiplication on the cartesian product V' x W by
(v1,w1) + (v2, w2) = (V1 + v2, w1 + w2);
a(v,w) = (av, aw).
Then V' x W, together with these operations, is a vector space. Indeed, this is
exactly how R™ is constructed from R.
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4. Properties of Vector Addition and Scalar Multiplication

Proposition 5.10. Let V be a vector space. Suppose that there exists 01,00 € V
such that v+ 01 = v and v+ 03 = v for every v € V. Then 07 = 0.

Proof. We have 07 = 01 + 02 = 03 + 07 = 05. O
Remark 5.4. This proposition says the the additive identity is unique.

Proposition 5.11. Let V' be a vector space and let v € V. Suppose that there
exists w1 and wy such that v+ w1 = 0y and v+ wy = 0y. Then wy = ws.

Proof. Since v + wy = Oy, we have wy + (v + wy) = we + Oy. By (V2) on
the left and (V3) on the right, we have, (wy + v) + w; = we. By property (V1),
(v+wse)+w; = way, and by assumption on we, this gives Oy +w; = wo. By property
(V2), wi + 0y = we, and finally by property (V3) we obtain w; = ws. a

Remark 5.5. This proposition says that additive inverses are unique. We denote
the unique additive inverse of v by —v. We shorten w + (—v) to w — v.

Proposition 5.12. (Cancellation Law)
Let V' be a vector space and let v,w,x € V. Thenv+2x =w+x = v =w.

Proof. Add —zx to both sides. (]
Proposition 5.13. Let V be a vector space. Let v € V and a € R. Then

(a) Ov = OV;

(b) aly = Oy,

(¢) av =0y =a=0 orv=_0y;

(d) (—1)v=—v;

(e) (—a)v=—(av).
Proof.

(a) We have v + (0v) = (1v) + (0v) = (1 4+ 0)v = 1v = v; thus Ov acts like the
additive identity, so it must be the additive identity by uniqueness.

(b) If @ = 0, the result follows from (a), so assume a # 0. We have v+ (aOy) =
(aa Yo + a0y = a(a™tv) + aly = a(a™ v + 0y) = ala™v) = v; thus v + (aly)
acts like the additive identity, so it must be the additive identity.

(c) Exercise.

(d) Since 1lv = v, this is a special case of (d).

(e) We have av + (—a)v = (a + (—a))v = 0v = Oy; thus (—a)v acts like the
additive inverse of a, so it must be the additive inverse of v by uniqueness. ]

Remark 5.6. We now drop the subscript from 0y and just write 0. We distinguish
this from 0 € R by context.
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5. Subspaces

Definition 5.14. Let V be a vector space.
A subspace of V is a subset W C V' which satisfies:
(S0) 0 e W;
(S1) z,yeW=a+yeW,
(S2) aeRzeW=azxeW.
If W is a subspace of V, this is denoted by W < V.

Remark 5.7. If W < V., then W is a vector space under the same operations of
addition and scalar multiplication. If is clear that if U < W and W < V|, then
U<w.

Remark 5.8. Consider the condition

(SE) W is nonempty.
In the presence of (S1) and (S2), we see that (SE) is equivalent to (S0). Clearly,
if 0 € W, then W is nonempty. On the other hand, suppose that W is nonempty.
Then W contains a vector, say w € W. By (S2), we see that 0w =0 € W.

Example 5.15. Let V be a vector space; then there exists a zero element 0 € V,
and {0} < V; this is called the trivial subspace.

Example 5.16. Let V = R? and let W = {(x1,22,23) € V | 21 + 22 + 23 = 0}.
Show that W < V.

Solution. To show that W is a subspace of V, we verify the three properties of
being a subspace.

(S0) We wish to show that Oy € W. Since 04+ 0+ 0 = 0, we see that
(0,0,0) =0y € W.

(S1) We wish to show that the sum of two elements in W is also an element
in W. Let 2,y € W. Then z,y € R3, so = (21, 22,23) and y = (y1,y2,y2) for
some real numbers x1,xs, T3,Y1,Y2,ys € R. By definition of W, 21 + 29 + 23 = 0
and y1 + y2 + y3 = 0. Adding these equations and rearranging via properties
(V1) and (V2) of V, we see that (z1 + y1) + (2 + y2) + (3 + y3) = 0. Thus
x4y = (x1+y1,22 + Y2, 23 + y3) satisfies the defining condition of W, and must
be an element of W.

(S2) We wish to show that any scalar multiple of an element in W is also an
element in W. Let x = (x1,29,23) € W and let a € R. Then z1 + 22 + 3 = 0,
so a(x1 + x2 + x3) = a0 = 0; by distributing, we get axy + axs + axs = 0. Thus
ar = (ax1,ax9,ax3) € W. |

Example 5.17. Fix n € N. Then P,, < P.
Example 5.18. Fix m,n € N with m <n. Then P,, < P,.

Example 5.19. A function f : I — R is called smooth if it is infinitely differentiable
on the interval I; that is, if derivatives of all orders exist and are continuous. The
following are subspaces of F(I):

o C(I)={feF()]| f is continuous} ;

e D(I)={feJF(I)| f is smooth} .
Note that D(I) < €(I) < F(I).
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Proposition 5.20. Let V' be a vector space and let W1, Wy < V.
Then W1 NWy < V.

Proof. We verify the three properties of a subspace.
(S0) Since 0 € W and 0 € Wy, we have 0 € Wy N Wha.
(S1) Let ,y € Wy N Ws. Then z,y € Wy and x,y € Wa, so x +y € Wi and
x +y € W, because both of these sets are subspaces. Thus z +y € Wy N Ws.
(S2) Let x € W1 N W5 and let @ € R. Then « € Wi and « € Wy, and since
these are subspaces, we see that ax € Wy and ax € Ws. Thus ax € W1 N Wh.
Therefore W1 N Wy < V. O

Remark 5.9. This argument generalizes so that the intersection of any number (even
infinitely many) of subspaces is a subspace.

Definition 5.21. Let V be a vector space and let X, Y C V. Define the sum of
these sets to be the subset of V' given by

X+Y={z+ylzeX yeY}

Proposition 5.22. Let V' be a vector space and let Wy, Wy < V.
Then W1 + Wy < V.

Proof. We verify the three properties of a subspace.

(S0) Since 0 € Wy and 0 € W, we see that 0 =0+ 0 € Wy + Wa.

(S1) Let wy,wj € Wy and wq,w) € Wy so that wy + wy and w) + wh are
arbitrary members of W14+ W5. Then (wq +ws)+ (w)+w}) = (wi+w))+(we+wh) €
W1 4+ Wa, by properties (V1) and (V2) of V and by property (S1) of W, and Ws.

(S2) Let w; € Wy and we € W so that wy + wy is an arbitrary member of
W1+ Wy Let a € R. Then a(w; + ws) = aw; + aws € Wy + Wy, by property (V'7)
of V and property (S2) of W7 and Ws. O

Remark 5.10. It follows that any finite sum of subspaces is a subspace.
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6. Spans

Definition 5.23. Let V be a vector space and let X C V.
A linear combination of elements from X is an element of V' of the form

aivy + -+ apv, where a; € R and v; € X.
The span of X is denoted by span(X) and is defined by
span(X) = {v € V | v is a linear combination from X}.
The span of the empty set is defined to be {0}.

Proposition 5.24. Let V' be a vector space and let X, Y C V. Then
(a) 0 € span(X);
(b) X Cspan(X) C V;
(c) span(X) = span(span(X));
(d) X CY = span(X) C span(Y);
(e) X Cspan(Y) = span(X) C span(Y);
(f) X <V & X =span(X).

Proof.

(a) If x € X, then Oy = Oz is a linear combination from X.

(b) To show that one set is a subset of another, it suffices to select an arbitrary
element of the one set and show that it is in the other.

Let x € X; then z = 1z, so = is a linear combination from X. Thus = €
span(X). Since x was arbitrary, we see that X C span(X).

Since V is closed under addition and scalar multiplication, every linear combi-
nation of vectors from V is also in V. Thus the span of any subset of V' is contained
inV,ie., span(X) C V.

(c) To show that two sets are equal, we show that each is contained in the
other. By (b), we know that span(X) C span(span(X)), so we only need to show
that span(span(X)) C span(X).

Let y € span(span(X)). Then there exist vectors yi,...,y, € span(X) and
real number aq,...,a, € R such that y = 2?21 a;y;. Each y; is in span(X), so
there exist a finite number (say m;) of vectors 2,1, ..., Zim, € X and real numbers
bity ..., bim, such that y; = 2721 bijxij. Theny =", Z;’Zl a;b;jz;; is a linear
combination from X, so y € span(X).

(d) Suppose that X C Y. Then every linear combination from X is a linear
combination from Y. Thus span(X) C span(Y).

(e) Suppose that X C span(Y’). Then by (d), span(X) C span(span(Y’)). But
by (c), span(span(Y’)) = span(Y’), so span(X) C span(Y').

(f) To show an if and only if statement, we show implication in both directions.

(=) Suppose that X < V. We know that X C span(X); we must show that
span(X) C X.

Let « € span(X). Then z is a linear combination from X. This means that
x is a finite sum of scalar multiples of elements of X. Since X is a subspace, it is
closed under vector addition and scalar multiplication. Thus each scalar multiple
is in X, and the sum of these elements of X is also in X. Thus x € X.

(<) Suppose that X = span(X). We have already noted that 0 € X. Let
r1,T9 € X and let a € R. Then 1 + x2 and axy are linear combinations from X,
so they are in X since X = span(X). Since X satisfies (S0), (S1), and (S2), we
see that X < V. Il
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Definition 5.25. Let V be a vector space and let X C V.
We say that X spans V if V = span(X).
We say that V' is finitely generated if it is spanned by a finite set of vectors.

Proposition 5.26. Let V' be a vector space and let X, Y C V.
If X spansV and X C Y, then'Y spans V.

Proof. Suppose that X spans V. Then every element of V is a linear combination
of elements from X. But since X C Y, all such linear combinations are also linear
combinations from Y. Thus Y spans V. (I

Remark 5.11. Let V be a finitely generated vector space; this means that there
exists a finite set of vectors, say X, such that X spans V. Suppose that Y is an
infinite subset of V' which spans V. The sets X and Y may not have any elements
in common. The next proposition tells us than in spite of this, some finite subset
of subset of Y spans V.

Proposition 5.27. Let V be a finitely generated vector space and let Y C V' such
that Y spans V. Then there exists a finite subset Z of Y such that Z spans V.

Proof. Since V is finitely generated, there exists some finite set
X:{l‘l,...,In} cVv

such that span(X) = V. But X C span(Y’), so each of the vector z; € X may be
written as a linear combination of a finite number (say m;) of vectors z;1, . . ., Zim, €
Y. Let Z = {z; |i=1,...,n;j = 1,...,m;}. Then Z is a finite set, and
X Cspan(Z), so V = span(X) C span(Z). Since span(Z) C V, we have span(Z) =
V. O

Example 5.28. Let V = R? and let X be any set of vectors with the property
that not all of them lie on the same plane. Then X spans V. Moreover, one can
pick out a finite subset of X which spans V; soon we will see that one can choose
this set with exactly three elements.

Example 5.29. Let V = R™. Let e; denote the vector whose i*" entry is equal to
one and whose other entries are equal to zero.
Let X ={ey,...,e,}. Then X spans V.

Example 5.30. Let V = M;,x,. Let M;; denote the m x n matrix whose ijth
entry is equal to one and whose other entries are equal to zero.
Let X ={M;; |i=1,...,m;j=1,...,n}. Then X spans V.

Example 5.31. Let V =P, and let X = {1,z,2?,...,2"}. Then X spans P,,.

Remark 5.12. One can show that span(X) is ezactly the intersection of all subspaces
of V' which contain X.
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7. Linear Independence

Definition 5.32. Let V be a vector space and let X C V.
We say that X is linearly independent, or simply independent, if whenever
v1,...,V, € V are distinct elements of X and aq,...,a, € R,

n
Zaivi =0=a;=0fori=1,...,n.
i=1
In this case we may also say that the vectors in X are linearly independent.
We say that X is linearly dependent, or simply dependent, if it is not indepen-
dent. In this case we may also say that the vectors in X are linearly dependent.

Remark 5.13. If X C V is dependent, there exists a nontrivial dependence relation;
by this we mean that there exist distinct elements x1, ..., x, € X and real numbers
ai,...,a,, at least one of which is nonzero, such that

ai1x1+ -+ apx, =0.
Clearly, any set containing 0 is dependent.

Proposition 5.33. Let V' be a vector space and let X,Y C V.
If Y is independent and X C Y, then X is independent.

Proof. Any nontrivial dependence relation among the elements of X would be a
nontrivial dependence relation among the elements of Y. O

Proposition 5.34. Let V' be a vector space and let X C V. Then X is independent
if and only if for every finite subset B = {x1,...,2,} C X and every x € span(B)
there exists a unique ordered n-tuple (ay,...,a,) € R™ such that

T =a121+ -+ apnTy.

Proof.

(=) We prove the contrapositive; suppose that the second condition is false,
and prove that X is dependent. Let B C X be a finite subset whose span contains
an element = € span(B) which may not be expressed in a unique way as a linear
combination from B. Since z € span(B), there is at least one way to write it as a
linear combination from Bj; thus the only way the condition can be false is if this
expression is not unique.

Suppose that there exist distinct n-tuples (a;); and (b;); such that

n n
Tr = E a;Tr; = E ble
i=1 i=1

Subtracting yields Y"1 ;(b; — a;)x; = 0; but for at least one i, we have a; # b;, so
this is a nontrivial dependence relation among the x;’s; thus B is not independent,
so neither is X.

(<) Again we prove the contrapositive. Thus we suppose that X is not inde-
pendent. Then there exists some vectors x1,...,x, € X and some real numbers
at,...,an, not all zero, such that Y . | a;z; = 0. Since 0 € span{z1,...,z,}, we
see that 0 can be written in more than one way as a linear combination of vectors
from X. Thus the second condition is also false. ([l
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Example 5.35. Let V =R" and let X = {ej,...,e,}.
Then X is independent.

Example 5.36. Let V = M,,x, and let X = {M;; |[i=1,...,m; j=1,...,n}.
Then X is independent.

Example 5.37. Let V =P, and let X = {1,z,2%,...,2"}.
Then X is independent.

Proposition 5.38. Let V' be a vector space and let v,w € V with v # 0. Then v
and w are linearly dependent if and only if w = cv for some ¢ € R.

Proof. Suppose that v and w are linearly dependent. Then there exists a,b € R,
not both zero, such that av+bw = 0. If a = 0, then bw = 0, so w = 0 (since b # 0),

whence w = Qv. Otherwise a # 0, and v = —gw.
On the other hand, if w = cv, then cv — w = 0 is a nontrival dependence
relation, so v and w are linearly dependent. O

Example 5.39. Let V = D(I), where I C R is an open interval. Let f,g € V. If f
and g are linearly dependent, then there exists a constant ¢ such that f(t) = cg(t)
for all ¢ € I. Assuming neither f nor g is the zero function, we see that ¢ # 0.
Then f(t) =0 < g(t) = 0. Since differentiation is linear, we see that f/(t) = 0 <
¢'(t) = 0. This continues for all of the derivatives of f and g.

Turning this around, one sees that if there exists ¢ € I such that f and g, or
any of their derivatives, have the property that one is zero at t and the other is not,
then f and g are linearly independent.

Example 5.40. Let V = R? and let
v = (1,2,-3),v2 = (2,0,1),v3 = (4,—4,9) € R3.
Show that the set {v1,v2,v3} is dependent.

Solution. If these vectors are indeed linearly dependent, then they all lie on the
same plane in R2. We may choose any one of them, say vs, are try to write it as a
linear combination of the other two. That is, we want to find x1, x2 € R such that
v3 = x1v1 + Tovs. Thinking of these vectors as column vectors, the equation we
want to solve is

4 1 9
—4|l =21 | 2 | +22 |0
9 -3 1
Setting
1 2 i 4
A=12 o], z=1|"", and b= |-4|,
3 1 72 9

we see that this is equivalent to solving the matrix equation Az = b. We use
Gaussian elimination (this is a relatively easy elimination; do it for practice) to
obtain an alternate matrix equation

1 0 -2
0 1I{z=]3
0 0 0

Thus 1 = —2 and x5 = 3. ([l
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The last example does not completely give a test for linear independence.

Example 5.41. Let V = R? and let
U1 = (17 27 _3)7U2 = (2a4a _6)7’03 = (4a _47 9) € RS'
Show that the set {v1,v2,v3} is dependent.

Attempt. We try to write vz as a linear combination of v; and ve. But it isn’t! This
is because v; and vo lie on the same line; so actually vs in independent from vy or
from vo. However, the set is dependent, because 2v; — vo + Ovg = 0 is a nontrivial
dependence relation. O

We now give a test for linear independence in R™. Let X = {v1,...,v,} be a
subset of R™. Form the m x n matrix A by putting the vectors in columns:

A=for |- |vn].
is a column vector in R", we have seen that
Az = 2, AW + .. 4 3, AW

=T1U1 + -+ TpUn;

If 2 =[z1,...,2,)

that is, Ax is a linear combination of the columns of A. Now Az = 0 has a solution
other than « = (0,...,0) if and only if there is a nontrivial dependence relation
among the v;’s.

Form matrix @ by performing forward elimination on A, so that @ is in row
echelon form; there is an invertible m x n matrix O such that Q@ = OA. Since
00 = 0, we have

Ar =0« OAx = 00 < Qx = 0.
The solution to Az = 0 is unique if and only if @) has no free columns; otherwise,
Az = 0 has a nontrivial (i.e., nonzero) solution, which gives a nontrivial dependence
relation among the columns of A.

Example 5.42. Let V = R? and let
U1 = (17 2, _3)7U2 = (2a 0, 1)7U3 = (4a _479) € R?.
Show that the set {v1,v2,v3} is dependent.

Solution. Put the vectors in columns of a matrix A, so that

1 2 4
A=12 0 -4
-3 1 9
Perform forward elimination on A is arrive at
1 2 4
Q=10 —4 -12
0 0 0

Since @ has a free column, the vectors are not independent. ([
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8. Bases

Definition 5.43. Let V be a vector space and let X C V.
We say that X is a basis for V' if
(B1) X spansV;
(B2) X is independent.

Definition 5.44. Let V be a vector space and let X C V.
We say that X is a spanning set for V if X spans V.
We say that X is a minimal spanning set for V if

(M1) X spans V;
M2) Y C X =span(Y)C V.

Proposition 5.45. Let V be a vector space and let X C V.
Then X s a basis for V if and only if X is a minimal spanning set for V.

Proof. To prove an if and only if statement, we prove the implication in both
directions. Here it is clearly sufficient to show that (B2) is equivalent to (M2) in
the presence of (B1). Thus suppose that X spans V. We prove the contrapositive
in both directions.

(=) Suppose that X is a spanning set which is not minimal. Then there exists
a smaller subset Y C X which spans. Let x € X \Y; then z is a linear combination
of vectors in Y, which demonstrates the presence of a nontrivial dependence relation
in X. Thus X is not independent.

(<) Suppose that X is a spanning set which is dependent. Then there exists
a nontrivial dependence relation in X. This allows us to select some vector z € X
and write it as a linear combination of the other vectors in X; let Y = X \ {z}. By
Proposition 5.24 (b), Y C span(Y); also z € span(Y'), so X =Y U{z} C span(Y).
Thus by Proposition 5.24 (e),

V =span(X) C span(Y) C V,

which shows that Y spans V. Thus X is not a minimal spanning set. O
Example 5.46. Let V = R3 and let W = {(z,9,2) € V |z +y+ 2 = 0}. We
have seen that W < V', so W is a vector space. Actually, W is a plane through the
origin. Let v; = (1,0,—1) and v = (0,1,—1) and let X = {vy,v2}. Then X spans
W: ifv=(z,y,2z) € W, then v = (z,y, —x — y), so v = zvy + yva. However, if we
remove either vector from the set, the span of what remains is a line. Thus this set
is a minimal spanning set, and so it is a basis.

Proposition 5.47. Let V be a vector space and let X C V.
Then X is a basis for V if and only if every element of V' can be written as a linear
combination from X in a unique way.

Proof. Exercise. ([
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Proposition 5.48. Let V' be a vector space and let X C V' be independent.
If v € V \span(X), then X U{v} is independent.
Proof. Exercise. O

Proposition 5.49. Let V' be a vector space and let X C V be a spanning set.
Ifve VX, thenY = X U{v} is dependent.

Proof. If v = 0, there result is immediate. Otherwise, we may write v as a linear
combination of elements in X, so the expression of v as a linear combination of
elements in Y is not unique; thus Y is dependent. [

Proposition 5.50. Let V be a vector space and let X = {x1,...,x,} be a dependent
set. Then there exists k € {1,...,n} such that xy is a linear combination from

{21, 2p1}.

Proof. Since X is dependent, there is a nontrivial dependence relation

n
E a;x; — 07
i=1

where not all a;’s equal zero. Let k be the largest integer between 1 and n such

that ag # 0. Then
1 k—1
T = — ;%
k ar ; 74

is a linear combination of the preceding elements. (I

Remark 5.14. Suppose V and X are as above, and note that z,, is not necessary de-
pendent on the preceding elements. For example, perhaps V = R? and z1,...,2,_;
all lie on the same plane, but x,, is perpendicular to it.
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Theorem 5.51. Let V be a finitely generated vector space and let X, Y C V.
If X is independent and Y spans, then | X| < |Y].

Proof. By Proposition 5.27, we may assume that Y is finite, say Y = {y1,...,yn}-
By way of contradiction (BWOC), suppose that | X| > n and let
Z ={z1,. ., Zn11} C X;
then Z is independent by Proposition 5.33. Label the elements of Y and Z so that
all of those contained in Y N Z are in the front:
Y = {Zla"'azi7yi+1a"'ayn}'
By Proposition 5.49, the set
{zla ce s R Yib 1, Yid 2, - ayn}

is dependent. By Proposition 5.50, one of these vectors is dependent on the preced-
ing ones, and since the zs are linearly independent, there exists k € {i +1,...,n}
such that yi is a linear combination of {z1,...,2i41,Yit1,.--,Yk—1}. Thus if we
remove ¥y from the set, it will still span:

Span{zla sy R Yy e Ye—15Yk+1, - - - ayn} =V
Continuing in this way, adding the next z and removing a y, we see that after
n — ¢ replacements we have
span{z1,...,z,t = V.

Thus the set Z = {z1, ..., 2 }U{zn+1} is dependent by Proposition 5.49, producing
a contradiction. Il

Remark 5.15. There is an alternate proof of this proposition. Let Z and Y be as
in the above proof. Since Y spans, we have

n
zj = E ai;y;  for some a;; € R.
=1

One may use Gaussian elimination to solve this system of linear equations to obtain
a dependence relation among the z’s. However, for this to be used in a rigorous
proof, one must first give a formal demonstration that Gaussian elimination works
in general.

Corollary 5.52. (Finite Dimension Theorem)
Let V' be a finitely generated vector space. Let X and Y be bases for V.
Then | X| =Y.

Proof. Exercise. O
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Example 5.53. Let V =R" and let X = {ejy,...,e,}.
Then X is a basis for V.

Example 5.54. Let V = M,,x, and let X = {M;; |[i=1,...,m; j=1,...,n}.
Then X is a basis V.

Example 5.55. Let V =P, and let X = {1,z,2°,...,2"}.
Then X is a basis P,,.

Proposition 5.56. Let V' be a finitely generated vector space and let’ Y C'V be a
spanning set. Then there exists a subset X C V with X CY such that X is a basis
for V.

Proof. Since Y is a spanning set, Y contains a minimal spanning set, say X, which
can be obtained simply by throwing out dependent vectors until none are left. Then
X is a basis by Proposition 5.45. (]

Remark 5.16. In particular, every finitely generated vector space has a basis.

Proposition 5.57. Let V be a finitely generated vector space and let X C 'V be
independent. Then there exists a subset Y CV with X CY such that'Y is a basis
for V.

Proof. If X spans V', we are done.

Otherwise, there exists a vector v which is in V' but not in span(X). Form the
set X U {v}; this set is still independent by Proposition 5.48. Continue this process
until the resulting set spans; this will happen in a finite number of steps since V' is
finitely generated. O

Definition 5.58. Let V be a finitely generated vector space and let X C V be
independent.
A completion of X is a basis Y for V such that X C Y.

Example 5.59. Select any two vectors vy,v; € R? that do not lie on the same
line. Then the set X = {vy, vy} is independent. Let v3 be any vector in R? which
does not lie on the plane spanned by X. Then X U {v3} is a basis for R3.
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9. Dimension

Definition 5.60. Let V' be a vector space.

The dimension of V is the smallest cardinality of a spanning set for V, and is
denoted by dim(V'). The dimension of the trivial vector space is defined to be zero:
dim{0} = 0. If dim(V') € N, we say that V is finite dimensional.

Remark 5.17. If V is finitely generated, then Corollary 5.52 tells us that the di-
mension of V' is the number of elements in any basis for V. We see that V is finite
dimensional if and only if V' is finitely generated.

Example 5.61. The dimension of R” is n.

Example 5.62. The dimension of M,, x,, is mn.

Example 5.63. The dimension of P,, is n + 1.

Example 5.64. The vector space F(I) is NOT finite dimensional.

Proposition 5.65. Let V' be a vector space. Then V is finite dimensional if and
only if every independent subset is finite.

Proof. If V is finite dimensional, we already know that the cardinality of any inde-
pendent set is less than or equal to the dimension of V.

Suppose V' is not finite dimensional; then V is not finitely generated. Let
X C V be finite and independent. Then X does not span V, so there exists a
vector v € V ~ span(X). The set X U {v} is still independent by Proposition 5.50.
We have taken an arbitrary independent set and produced a bigger one; continuing
in this way we obtain an infinite independent set. 0

Proposition 5.66. Let V' be a finite dimensional vector space and let W < V.
Then W is finite dimensional, and dim(W) < dim(V).

Proof. Suppose that W is not finite dimensional. Then W has an independent
subset of every cardinality. In particular, it has one whose cardinality is larger than
the dimension of V', which contradicts Theorem 5.51. Thus W is finite dimensional,
so W has a basis; this basis is a linearly independent subset of V', so its cardinality,
which is the dimension of W, must be less than or equal to the dimension of V,
again by Theorem 5.51. (|
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Proposition 5.67. Let V' be a finite dimensional vector space and let U W < V.
Then
dim(U + W) = dim(U) + dim(W) — dim(U N W).

Proof. Let dim(U) = p, dim(W) = ¢, and dim(U + W) = n.
Let X = {x1,...,2,} be a basis for U N W. We complete this to a basis

Y ={z1,...,zp,u1,...,up_p} for U and Z = {z1,...,2,,w1,..., we_pn} for W.
We see that B = {z1,...,&n,u1,...,Up,Ww1,...,wq} spans U + V. But this is an
independent set. To see this, let ai,...,an,b1,...,bp,c1,...,¢4 € R such that

n p q
E a;T; + E bju; + E crwi = 0.
i=1 j=1 k=1
Then
p n q
E bju; = — E a;Tj — E CLW-
=1 i=1 k=1

The sum on the left is in U and the sum on the right is in W, so the sum on the
left is actually in U N W. Thus we have d,...,d, such that

P n
E bju]' = E d,:Cl
j=1 i=1

Since Y is a basis for U, we see that

b1,...,b, =0.
Similarly the ¢’s are all zero, whence the a;’s are all zero. O
Corollary 5.68. Let V' be a vector space and let U < V. Then U =V if and only
if dim(U) = dim(V).
Proof. Exercise. [l
Example 5.69. Let V = R3.
Let U = span{(1,2,0),(2,1,0)}, and W = span{(1,0,2),(2,0,1)}. We see that U

is the zy-plane and W is the zz-plane. The sum of U and W is all of R3. Their
intersection is the xz-axis. We see that

dm(U+W)=3=2+2-1=dim(U) + dim(W) — dim(U N W).
The proof above indicates that we can change our bases for U and W:

U = span{(1,0,0),(0,1,0)} and W = span{(1,0,0), (0,0,1)}, so that the union of
these bases is a basis for U + W.
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10. Exercises
Exercise 5.1. Let V = R3.
Set v1 = (1,-3,2), v2 = (3,—-7,—1), and v3 = (1,1, 12).
Show that the set {v1,v2,v3} is linearly dependent.

Exercise 5.2. Let V be a vector space. Let v € V and a € R.
Show that av =0y = a =0 or v = Oy.

Exercise 5.3. Let V' be a vector space and let X C V be independent.
Show that if v € V ~\ span(X), then X U {v} is independent.

Exercise 5.4. Let V be a finitely generated vector space.
Let X and Y be bases for V.

Show that | X| = |Y].

(Hint: use Theorem 5.51.)

Exercise 5.5. Let V' be a vector space and let U < V. Show that U = V if and
only if dim(U) = dim(V).
Exercise 5.6. Let V = R? and let a1, az,a3 € R. Set

W(a17a2,a3) = {(l‘l,l‘g, .733) S R3 ‘ a1x1 + asxo + azxrs = 0}

(a) Show that W(aj,az,a3) < V.
(b) Show that the general solution to the matrix equation

1 5 4 |z 0
2 1 0] (22| =10
0 3 1] |3 0

is a subspace of V.



CHAPTER 6

Linear Transformations

1. Linear Transformations

Definition 6.1. Let V and W be a vector spaces.
A linear transformation from V to W is a function T : V' — W such that
(T1) T(z+y) =T(x) + T(y) for every x,y € V;
(T2) T(ax) = aT(x) for every a € R and x € V.

Remark 6.1. If we say, “let T : V' — W be a linear transformation”, but V' and W
have not yet been specified, it is implicit that V' and W are arbitrary vector spaces.

Proposition 6.2. Let T : V — W be a linear transformation.
Then T(Ov) = Ow.

Proof. Since 0 € R, by (T2) we have T'(0y) = T(00y) = 0T'(0y ) = Ow . O

Example 6.3. Let T : V — W be given by T'(v) = Oy for every v € V. Then T
is a linear transformation, called the zero transformation.

Example 6.4. Let T : V — V be given by T'(v) = av, where a € R is a fixed real
number. Then 7' is a linear transformation, called dilation by a.

Example 6.5. Let V be a vector space and let X = {z1,...,2,} be a basis for
V. Then every point v € V can be written in a unique way as a linear combination
from X. Select a subset Y = {z1,...,z;} C X and set W = span(Y’); note that
W is a vector space, and that Y is a basis for W.

Define a function T : V. — W by T'(v) = Zle a;z;, where v = >0 | a;x;.
Then T is a linear transformation, called projection onto W.

Remark 6.2. Linear transformations are so named because they take lines to lines
(or to a point), planes to planes (or to lines or to a point), and so forth. We now
show this.

97
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2. Transformations and Bases

Proposition 6.6. Let T : V — W be a linear transformation and let X C V.
Then T'(span(X)) = span(T(X)).

Proof. To show that two sets are equal, we show that each is contained in the other.
Let w € T(span(X)). Then w = T(v) for some v € span(X). Since v €
span(X), there exist vectors z1,...,z, € X and real numbers a1, ...,a, € R such

that
n
v = Z a;T;.
i=1

Since T is a linear transformation, it passes through summations and scalar multi-
plications, so

w=T@)= T(Z a;z;) = ZT(aixi) = ZaiT(xi).
i=1 i=1 i=1
This latter expression is in the span of T'(X), so w € span(T(X)).

Let w € span(T(X)). Then there exist vectors wi,...,w,, € T(X) and real
numbers by, ..., b, such that
i=1

For each 4, since w; € span(X), the exists x; € X such that w; = T'(x;). This gives

w = i byw; = i biT(z;) = iT(bixi) = T(i bix;).
=1 =1 =1 =1

Since 1", biz; € span(X), we see that w € T'(span(X)). O
Proposition 6.7. Let V and W be vector spaces. Let X = {vy,...,v,} CV be
a basis for V. Let Y = {wq,...,w,} C W. Then there exists a unique linear

transformation T : V. — W such that T'(v;) = w;.

Proof. For each v € V, there exist unique real numbers ay,...,a, such that v =
St av;. Define T(v) = >0 aw;. It is clear that T'(v;) = w;, and it is easy
to verify that T is linear. Uniqueness comes from the necessity of this definition,
given that we require T to be linear. ([

Corollary 6.8. Let T : V — W be a linear transformation. Then T is completely
determined by its effect on any basis for V.

Remark 6.3. The above idea is a double edged sword. We completely know a
transformation 7 : V' — W if we know its effect on any basis for V. On the other
hand, if we wish to construct a linear transformation, we only need to specify its
effect on some basis.
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3. Transformations and Subspaces

Proposition 6.9. Let T : V — W be a linear transformation and let U <V
Then T(U) < W.

Proof. We have T'(U) = T'(span(U)) = span(T'(U)). Thus T'(U) is a subspace, since
it equals its own span. O

Proposition 6.10. Let T : V — W be a linear transformation and let U < V.
If U is finite dimensional, then T(U) is finite dimensional, and

dim(T'(V)) < dim(U).

Proof. Suppose that U is finite dimensional, and let X C U be a basis for U. Then
T(U) = T(span(X)) = span(T(X)), so T(U) is spanned by the finite set T'(X). If
Y is a basis for T(U), then |Y| < |T(X)| < |X|, that is, dim(T'(U)) < dim(U). O
Example 6.11. Let T : R® — R? be given by T'(z,y, 2) = (z,y).

Let U be yz-plane; then T'(U) is the y-axis.

Proposition 6.12. Let T : V — W be a linear transformation and let Uy, Us < V.
Then T(Uy + Us) = T(Uy) + T(U2).

Proof. We write this proof as a chain of logical equivalences.

weT(U +Us) e w="T(us +ug) for some uy € Uy, us € Uy
< w="T(u) + T(uz) because T is linear
S weT(U)+T(Us) by definition of image.

O

Proposition 6.13. Let T : V — W be a linear transformation and let U < W.
Then T-1(U) < V.

Proof. We verify the three properties of a subspace.

(S0) Since T(0y) = Oy € U, we see that Oy € T~1(U).

(S1) Let v1,vo € T~1(U). Then T(vq),T(v2) € U. Thus T(v1) + T(ve) € U
because U is a subspace. But T'(v1) + T(v2) = T(v; + v2) because T is a linear
transformation, which shows that vy + vy € T71(U).

(S2) Let v € T1(U) and a € R. Then T(v) € U, so aT(v) € U, whence
T(av) € U. Thus av € T~Y(U). O

Example 6.14. Let T : R? — R? be given by T(z,y,2) = (x,y). Let U = {0}.
Then T~1(U) is the z-axis.
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4. Kernels and Injectivity

Definition 6.15. Let T: V. — W be a linear transformation.
The kernel of T' is the subset of V' denoted by ker(7") and defined as

ker(T) ={v eV |T(v) = 0}.
Remark 6.4. Note that an alternate way of writing this is ker(T') = T1(0).

Proposition 6.16. Let T : V — W be a linear transformation.
Then ker(T) < V.

Proof. Since {0} < W, this follows from Proposition 6.13. O

Proposition 6.17. Let T : V — W be a linear transformation.
Then T is injective if and only if ker(T) = {0}.

Proof.

(=) Suppose that T is injective. Let v € ker(T). Then T'(v) = Ow; but
T(0y) = Ow, so since T is injective, v = Oy. Thus ker(V) = {0y }.

(<) Suppose that ker(T) = {Ow}. Let vi,vs € V such that T(v1) = T(va).
Then T'(vy) — T'(v2) = Oy, and since T is linear, T'(v; — v3) = Oy. Since ker(T) =
{0y}, we have v; — vg = Oy. Thus v = vy Therefore T is injective. O

Proposition 6.18. Let T : V — W be a linear transformation. Then T is injective
if and only if for every independent subset X C V', T(X) is independent.

Proof. We prove the contrapositive in both directions.
(=) Suppose that X C V is independent but that T(X) is dependent. Then
there exists a nontrivial dependence relation
arT(x1) + -+ a,T(xy) =0,

where z; € X and a; € R, not all zero. Then T'(}"7"_, a;xz;) =0, so Y i, a;x; is a
nontrivial member of ker(T"). Thus T is not injective.

(<) Suppose that T is not injective. Then its kernel is nontrivial, so there
exists an nonzero vector v € V such that T(v) = 0. Since v # 0, the set {v} is
independent. But its image T'(v) is dependent. a

Proposition 6.19. Let T : V. — W be a linear transformation. Let X be a basis
for V.. Then T is injective if and only if T(X) is a basis for T(V).
Proof. Suppose X spans V. Then
T(V) = T(span(X)) = span(T(X)).

Now the result follows immediately from the preceding proposition. [l
Corollary 6.20. Let T : V — W be an injective linear transformation. Let X be
a basis for V.. Then

(a) T(X) is a basis for T(V);

(b) dim(V) = dim(T(V)).
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5. Kernels and Cosets

Definition 6.21. Let V' be a vector space and let W < V.
A coset (or “translation”) of W is a subset of V' of the form
r+W={z+w|weW},
where x € V.

Example 6.22. Let Z = {(z,y,2) € R® | z =y = 0}. Then Z is commonly known
as the “z-axis”. A coset of Z is a set of the form v + Z, where v € R3. In fact, we
can always select v to lie in the zy-plane; we see that v + Z is a vertical line in R?,
parallel to the z-axis, translated away by the vector v.

Proposition 6.23. Let V be a vector space and let W < V. Let vi,v2 € V. Then
(a) V= UveV(U + W),
D) n+EW)N (e +W)# = (11 +W) = (va+W).

Proof. Exercise. 0

Proposition 6.24. Let V be a vector space and let W < V.
Then vy + W = vo + W if and only if vo — v, € W.

Proof. Exercise. U

Proposition 6.25. Let V and W be vector spaces. Let T : V. — W be a linear
transformation. Let w € T(V) and let v € T~ (w). Then

T~ (w) = v + ker(T);
in words, the preimage of w is a coset of the kernel.

Proof. We show that each set is contained in the other.

Let z € T~!(w). Then T(z) = w. Since v € T~ (w), we have T'(v) = w. Thus
Tx—v)=T(x)—Tw)=w—w=0,s0z—v € ker(T). Then x =v+ (x —v) €
v + ker(T).

Let € v+ ker(T'). Then z = v + k where k € ker(T'), so T'(x) = T(v+ k) =
Tw)+T(k)=w+0=w,soxecT Hw). O
Example 6.26. A system of m equations in n variables gives a matrix equation

Ax =b.
The matrix A corresponds to a linear transformation 7' : R™ — R™ given by
T(x) = Az. The solution set of the homogeneous equation Az = 0 is the kernel of

T. If v is a particular solution to Az = b, then the solution set is the homogeneous
solution offset by the particular solution v.
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6. Kernels and Direct Sums

Definition 6.27. Let V be a vector space and let U;,Us < V. We say that V is a
direct sum of Uy and Us, and write V = U; ® Uy, if

(D1) V =U; + Usy;

(D2) Uy nU, = {0}.

Proposition 6.28. Let V' be a vector space and let X be a basis for V.
Let Yy C X and let Yo = X \Y7. Let Uy = span(Yy) and let Uy = span(Y3). Then
V=U,&Us.

Proof. We verify the two properties of direct sum.

(D1) We always have U1 +Us < V'; we need to show that V. C Uy 4+Us. If v € V|
then V' is a linear combination from X because X spans V. Since X = Y; U Y5,
v can be written as a linear combination of some vectors from Y; plus a linear
combination some vectors from Y5. Such an element is in U; + Us.

(D2) Let v € Uy N Us. Then v is a linear combination from Y; and also v is a
linear combination from Y5. The difference of these is a linear combination from X
which equals zero; since X is linearly independent, all of the coefficients must be
zero. Thus v = 0. (]

Proposition 6.29. Let V be a vector space.
Let Uy, Uy <V such that V = U, @& Us. Let Y7 be a basis for Uy and Ys be a basis
for Uy. Then Y1 UY5 is a basis for V.

Proof. Exercise. O

Corollary 6.30. Let V be a finite dimensional vector space and let Uy,Uy < V
such that V. =U, ® Uy. Then dim(V) = dim(U;) 4 dim(Us).

Example 6.31. Let V = R3. Let U; be a plane through the origin in R? and let
Us be a line through the origin in R3. Then V = U; @ U, if and only if the line Uy
does not lie on the plane Uj.

Proposition 6.32. Let T : V — W be a linear transformation. Let K = ker(T).
Then

(a) there exists U <V such that V=K & U;
(b) T [y: U — W is injective.

Proof. Let Y7 be a basis for K and let X be a completion of Y7 to a basis for X.
Let Yo = X \Y;7. Let U = span(Y3). Then by Proposition 6.28, V' = K @ U. This
proves (a).

Recall that T [y: U — W is the restriction of T" to the set U; that is, we only
consider what T does to elements of U. Let u € ker(T [y). Then T'(u) = 0, so
ue K. Thusu € KNU = {0}, so u = 0. Thus the kernel of T |y is trivial, so
T |y is injective by Proposition 6.17. O
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7. Rank and Nullity

Definition 6.33. Let V be a finite dimensional vector space and let T': V. — W
be a linear transformation. Let img(T") = T(V') denote the image of 7.

The rank of T is the dimension of the image of T: rank = dim(img(7)).

The nullity of T is the dimension of the kernel of T: nullity = dim(ker(T)).

Theorem 6.34. (Rank plus Nullity Theorem)
Let V be a finite dimensional vector space and let T :' V — W be a linear transfor-
mation. Then dim (V) = dim(ker(T)) + dim(img(T)).

Proof. Let K = ker(T). By Proposition 6.32 (a), there exists a subspace U < V
such that V.= K @ U. Thus dim(V) = dim(K) + dim(U). By Proposition 6.32
(b), the linear transformation T' [: U — W is injective, so dim(7'(U)) = dim(U).
Thus
dim(V) = dim(K) + dim(U) = dim(ker(T)) + dim(img(7")).
O

Corollary 6.35. Let V and W be a finite dimensional vector spaces of the same
dimension. Let T : V. — V be a linear transformation. Then T is injective if and
only if T is surjective.

Proof. Exercise. U
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8. Composition of Linear Transformations

Proposition 6.36. Let S : U — V and T : V. — W be linear transformations.
Then T oS : U — W is a linear transformation.

Proof. We verify the two properties of a linear transformation.
(T1) Let uy,us € U. Then

T(S(ur +ur)) = T(S(ur) + S(ug)) = T(S(u1)) + T(S(uz2)).
(T2) Let w € U and a € R. Then
T(S(au)) = T(aS(u)) = aT(S(u)).
U

Example 6.37. Let S : R?2 — R? be dilation by a and let T : R? — R? be dilation
by b. Then T o S : R? — R3 is dilation by ab.

Example 6.38. Let S : R? — R? be rotation by a degrees and let T : R? — R?
be rotation by 3 degrees. Then T o S : R? — R3 is rotation by o + 3 degrees.

Definition 6.39. Let T': V — W be a linear transformation.

We say that T is invertible if there exists a linear transformation S : W — V
such that SoT =idy and T'o S = idw . Such an S is called the inverse of T'; it is
necessarily unique, and is denoted by 7T !.

Proposition 6.40. Let T : V — W be a linear transformation.
Then T is invertible if and only if T is bijective.

Proof. Exercise. O

Proposition 6.41. Let T : U — V be a linear transformation.
Let S :V — W be an injective linear transformation.
Then ker(S o T) = ker(T').

Proof. Exercise. O
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Remark 6.5. Let A be an m X n matrix and consider the matrix equation Ax = 0,
where 0 is the zero n x 1 column vector. The solution to this equation is the kernel
of the corresponding linear transformation 74 : R™ — R™.

Let B be A in reduced row echelon form. Row reduction of A corresponds to
warping m-space by invertible transformations. Then ker(Tg) = ker(T4), because
B = UA, where U is a product of elementary invertible matrices and so it is
invertible; then Ty is injective. Therefore ker(Ts) = ker(Ty o Ta) = ker(Ta).

Moreover, the basic columns of B are clearly linearly independent. Then
the pullback of these basic columns via U~! gives linearly independent vectors
in img(7T) = T4 (R™), the image of Ty.

A basis for the kernel of T4 is given by modifying the free columns of B in the
manner prescribed in solving Az = 0.

A basis for the image of T4 is given by the columns of A corresponding to the
basic columns of B.

Example 6.42. Let eq,...,es be the standard basis vectors for R*. Let
v1 = (2,—4,4),v9 = (1,-1,3),v3 = (3, ~7,5),v4 = (0,2,5) € R3.

Let T : R* — R? be the unique linear transformation given by T'(e;) = v;. Find a
basis for the image and the kernel of T'.

Solution. Set
2 1 3 0

A=|—-4 -1 -7 2
4 3 5 5
Row reduce A; the corresponding reduced row echelon matrix is
10 2 O
B=1|0 1 -1 0
0 0 0 1

The basic variables are x1, x2, and z4. The free variable is x3. So the solution to
Ax =01is

-2
1
zs3 1 )
0
thus {(—2,1,1,0)} is a basis for ker(T'), and {(2, —4,4), (1, -1, 3), (0,2, 5)} is a basis
for img(T), the image of T'. d

Remark 6.6. Let Y = {vy,...,v,} € R™. We wish to determine whether or not the
set Y is independent. If n > m, we know they cannot be independent, so assume
that n < m.

Form the matrix A = [v1 | --- | v,]. Corresponding to A is a linear transforma-
tion T4 : R™ — R™. We know that n = dim(R") = dim(ker(74)) + dim(img(T4)).
Now X is independent if and only if there span in R™ is a vector space of di-
mension n. This span is exactly img(74). Thus X is independent if and only if
dim(img(7T4)) = n. This is the case if and only if dim(ker(T4)) = 0.

Row reduce A to obtain a matrix B; only forward elimination is necessary. Now
X is dependent if and only if B has a free column, which is the case if and only if
B has a zero row (since n < m).
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9. Isomorphisms

Definition 6.43. Let V and W be vector spaces.

An isomorphism from V to W is a bijective linear transformation T : V — W.
We say that V is isomorphic to W, and write V = W, if there exists an isomorphism
T:V —-W.

Proposition 6.44. Let V be a vector space.
Then idy : V. — V is an isomorphism.

Proof. Clear. O

Proposition 6.45. Let T : V — W be an isomorphism.
Then T—': W — V is an isomorphism.

Proof. Since T is bijective, T~! : W — V is a function. We verify the properties
of a linear transformation.

(T1) Let wy,wy € W. Since T is bijective, there exist unique elements uy, us €
U such that T'(u1) = wy and T'(ug) = we. Now T(ug + u2) = T(uy) + T(ug) =
w1 + w2, SO Tﬁl(wl + wg) =UuU; + Uz = Tﬁl(wl) + Tﬁl(wg).

(T2) Let w € W and a € R. There exists a unique element u € U such that
T(u) = w. Then T(au) = aT(u) = aw, so T~ (aw) = au = aT~(w). O

Proposition 6.46. Let S:U — V and T : V — W be isomorphisms.
Then T oS :U — W 1is an isomorphism.

Proof. We have seen that the composition of linear transformations is linear, and

we always have that the composition of bijective functions is bijective. O
Remark 6.7. Let U, V, and W be vector spaces. Then
(a) VV;

(b) VEW WXV,
) U2VandVEW=UX=W.
This says that isomorphism is an equivalence relation.

Proposition 6.47. Let T : V — W be a linear transformation. Let X be a basis
for V.. Then T is an isomorphism if and only if T(X) is a basis for W.

Proof.

(=) Suppose that T is an isomorphism. Then T is injective, so by Proposition
6.19, T(X) is a basis for T(V). But T is also surjective, so T(V) = W, and the
result follows.

(<) Suppose that T'(X) is a basis for W. Then T is clearly surjective, and by
Proposition 6.19, T is also injective. Thus T' is an isomorphism. (Il

Remark 6.8. In light of Proposition 6.7, we may construct an isomorphism between
spaces by sending a basis to a basis.
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Definition 6.48. Let V be a finite dimensional vector space of dimension n.
An ordered basis for V is an ordered n-tuple (z1,...,2z,) € V™ of linearly
independent vectors from V.

Remark 6.9. Note that if (z1,...,2,) is an ordered basis, then X = {z1,...,2,}
is a basis. With this understanding, we may say: “let X be an ordered basis”, by
which we mean that X is the basis which corresponds to an ordered basis.

Theorem 6.49. Let V be a finite dimensional vector space of dimension n. Let

X ={x1,...,z,} be an ordered basis for V. Define a linear transformation
Ix:V—-R" by Tx(z;)=ce;.

Then I'x is an isomorphism.

Description. We have already essentially proven this, so let us describe it in more

detail.
Every element of V' may be written in a unique way as a linear combination of

elements from X: if v € V, then v = )., a;x; for some real numbers ay, ..., a,.
Then
n n n
I'x(v) = Zaifx(xi) = ZZaiei =(a1,...,an);
i=1 i=1 i=1

this is the linear transformation that sends the basis X of V' to the standard basis
for R™, whose existence, uniqueness, and linearity is guaranteed by Proposition 6.7.
It is an isomorphism by Proposition 6.47. (I

Corollary 6.50. Let V and W be vector spaces of dimension n. Then V =2 W.

Proof. Every finite dimensional vector space has a basis. Let X be an ordered basis
for V and let Y be an ordered basis for W. Since I'y : W — R” is an isomorphism,
it is invertible, and its inverse is also an isomorphism. Since the composition of
isomorphisms is an isomorphism, we see that

F;,l ol'x : VoW
is an isomorphism, so V= W. (]
Remark 6.10. Even though two vector spaces of the same dimension are isomorphic,
there are many ways in which they are isomorphic. Indeed, each basis X for V' gives

a different isomorphism I'x : V' — R”. Controlling this is one of the challenges of
linear algebra.
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10. Computing Linear Transformations via Matrices

Remark 6.11. Let V be a vector space of dimension n and let W be a vector space
of dimension m. Let T': V' — W be a linear transformation. If we know a basis for
V and for W, we can use matrices to compute information about 7.

Let X be a basis for V and let Y be a basis for W. Then 'y : V — R™ is an
isomorphism and I'y : W — R™ is an isomorphism. These isomorphisms pick off
the coefficients of any vector in V' and W and allow us to think of them as vectors in
R™ and R™, respectively. Actually, what we are doing is defining a transformation
S :R"™ — R™ given by S =Ty oT oI'x. In this case,

T:F;loSOI‘X.

This can be written in diagram form:

VLW

rx | [

R?’L Rm

This says that to compute T'(v), it suffices to push v into R™ via u = I'x(v),
compute S(u), then pull this result back to W via I'y.

But S : R® — R™ corresponds to a matrix A, and we can compute Au by
matrix multiplication. This also allows us to compute kernels, images, and so forth
via matrices.

Example 6.51. Let v; = (1,0,0,0),v2 = (1,0,1,0),v3 = (1,0,0,1) € R* Let
V be the subspace of R* spanned by {vi,vs,v3}; these form a basis for V. Let
W = R? Let w; = (1,2),ws = (=1,0),w3 = (3,2) € W. Let T : V — W be the
unique linear transformation given T'(v;) = w;. Find a basis for the kernel of T

Solution. Let e1, ez, e3 be the standard basis vectors for R3. Let S : V — R3 be

given by T(v;) = e;. Then S is an isomorphism. Let R : R® — R2 be given by
T(e;) = w;. The matrix for R is

1 -1 3
A= {2 0 2} '
Row reduce A to get
1 0 7
vA = [O 1 4] ’

The kernel of R is spanned by the vector (=7, —4,1).
Now T = S~'RS. Thus ST = RS. Then

ker(T) = ker(ST) = ker(RS) = S~ (ker(R)).

Thus to find ker(7"), pull the vector (—7,—4, 1) back through S (find its preimage).
This is —7(1,1,0,0) — 4(1,0,1,0) + (1,0,0,1) = (=10, -7, —4,1). The kernel of T
is the span of this vector. ([l
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11. Vector Space of Linear Transformations

Proposition 6.52. Let V and W be vector spaces and set
L(V,W)={T:V - W |T is linear}.
Let S:V =W and T : V — W be linear transformations. Let a € R. Define the
sum S + T and the scalar product a1 by their effect on any vector v € V:
e (S+T)(v)=SW)+T) ;
o (aT)(v) =aT(v) .
Then
(@) S+T:V =W and aT : V — W are linear transformations;
(b) L(V,W) is a vector space.

Reason. The verification that S+ 7T and aT are linear transformations is straight-
forward.

The proof that L(V, W) is a vector space comes down to the fact that all of the
properties (V1) through (V8) of the vector space W work pointwise on functions
into W. (]

Remark 6.12. The vector space M,, x5, of m X n matrices is isomorphic to R™", as
one expects. But also, we know that matrices correspond to linear transformations
of cartesian spaces; we now describe this correspondence in terms of isomorphism.

Proposition 6.53. Let T;; : R™ — R™ be given by T;;(e;) = e; and Tj;(ex) =0 if
k#j. Then {T;; |i=1,...,m;j=1,...,n} is a basis for L(R™,R™).
Reason. One can show that this set is linearly independent and spans. [

Proposition 6.54. Define a function
Qs LR R™) — Myxn 0y Qnsen(T) = A,

where Ap = [T(e1) | -+ | T(epn)] is the matriz corrsponding to a transformation
T:R™ — R™. Then Quxn 1S an isomorphism.

Reason. The function ,, . sends the basis {T;; } for L(R™,R™) to the basis {M;; }
for Myxn- O

Proposition 6.55. Let V' and W be finite dimensional vector spaces. Let X =
{z1,..., 2} be an ordered basis for V. and Y = {y1,...,ym} be an ordered basis
for W. Define a function

QY,X : L(‘/, W) — Myxn bZ/ QY,X (T) = AS?

where S =Ty o TT'y" and Ag = [S(e1) | -+ | S(en)] is the matriz corresponding to
S. Then Qy, x 1is an isomorphism.

Reason. In a manner similar to the case where V= R" and W = R™, one can find
a basis for L(V,W) that is sent by Qy, x to the basis {M;;} for M, xn. O
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12. Linear Operators

Definition 6.56. Let V' be a vector space.
A linear operator on V is a linear transformation 7': V — V.
Let L(V) denote the set of all linear operators on V.

Let V be a vector space and let S,T : V — V be a linear operators. Then
the composition 7’0 S : V — V is a linear operator. Let us drop the o from the
notation and think of composition of linear operators as multiplication in the set
L(V): thus T'S is the transformation 7'o S.

This multiplication distributes over addition of operators:

T(S+R)=TS+TR; (T+S)R=TR+ SR.

Thus L(V) is a set which comes equipped with two operations, addition of transfor-
mations and multiplication of transformations. The additive identity of this set is
the zero transformation (which we denote by 0), and the multiplicative identity is
the identity transformation idy, which we now denote by 1. Every transformation
T has an additive inverse —T'. A transformation 7 has a multiplicative inverse 7!
if and only if T has a trivial kernel.

Let a € R. Define N, : V. — V to be dilation by a: N,(v) = av for all v € V.
Then N, is a linear operator. Note that N, commutes with any other operator:

N, =TN,.

Also note that N,T is exactly the transformation which we previously described
by aT'. When N, occurs on the left, we drop the N from the notation, and simply
write a7 instead of N,T.

Let T2 =TT, T3 = TTT, and in general, let 7" denote the composition of T
with itself n times. This is T applied to the space V over and over. For example,
if T is rotation of R? by an angle of 45 degrees, then T* is rotation by 180 degrees
and T2 is the identity tranformation I = idy .

Let T : V — V be a linear operator. We see that any polynomial in T'

L=T"+a, T" '+ - +a,T+ao

is a linear operator. Its effect on v € V is given by distributing v into the polyno-
mial:
L(U) = Tn(v) + an—lTnil(’U) + -+ alT(’U) + agp.
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13. Linear Algebra and Differential Equations
Consider the differential equation
y" by + ey =g(t),
where b,c € R and g¢(t) is a smooth function on some open interval I C R. To
solve this differential equation means to find all smooth functions y such that the
function y” 4+ by’ + cy is equal to the function g(t). We use linear algebra to analyse
this situation.

Let I C R be an open interval and let D(I) be the set of smooth real valued
functions defined by I; this is a vector space under addition and scalar multiplication
of functions. Define D : D(I) — D(I) by D(f) = f’, the derivative of f. Then D is
a linear transformation. Any polynomial in D is also a linear transformation, called
a differential operator. Note that the kernel of D is the set of all constant functions

on I. This is a one dimensional subspace of D(I), spanned by the function f(¢) = 1.
Let b,c € R and let g € D(I). Define a function

L:D(I)— D) by Lly=y"+by +cy.
Then L is a differential operator:
L=D*+bD+ec.
The general solution to the differential equation
Y+ by + ey =g(t)

is of the form y = yp + y,, where y; is the general solution to the homogeneous
differential equation L[y] = 0 and y, is a particular solution to the differential
equation L[y] = g(t). This comes from the fact that the solution to the homogeneous
equation is the kernel of L, and the solution to the nonhomogeneous equation is a
coset of this kernel.

One may attempt to solve the homogeneous differential equation L[y] = 0 by
factoring the linear operator L:

L = (D — Tl)(D — 7’2),

where r; = %(fb + v/b? — 4¢) are the roots of the polynomial L. Now any solution
to (D —rz2)[y] = 0 is also a solution to L]y] = 0, since (D —1)[0] = 0. Since D —
and D —ry commute, the same can be said about solutions to (D —ry)[y]. But this
differential equation is very easy to solve:

(D-r)yl=0&y =ryslogy=r+C&y=ke™,

where k = €“ is an arbitrary constant of integration. One can show that ker(L) =

span{e™? et}
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14. Exercises

Exercise 6.1. Let V' be a vector space.
Let Uy,Uy <V such that V = U; @ Usy. Let Y7 be a basis for U; and Y5 be a basis
for Uy. Show that Y; UY5 is a basis for V.

Exercise 6.2. Let V be a vector space and let W < V. Let v,vp € V.

(a) Show that V = Uyev (v + W).
(b) Show that (v1 + W)N(va+ W) # 2 = (v + W) = (v + W).

Exercise 6.3. Let V be a vector space and let W < V.
Show that v; + W = vy + W if and only if vg —v; € W.

Exercise 6.4. Let V be a finite dimensional vector space.
Let U<V and let T : V — V be a linear transformation.
(a) Show that U =V if and only if dim(U) = dim(V).
(b) Show that T is injective if and only if T is surjective.

Exercise 6.5. Let T : V — W be a linear transformation.
Show that T is invertible if and only if T is bijective.

Exercise 6.6. Let T : U — V be a linear transformation.
Let S:V — W be an injective linear transformation.
Show that ker(S o T') = ker(T).

Exercise 6.7. Let T : V — W be a linear transformation and let Uy, Us < V. In
each case, prove or give a counterexample.

(a) T(U1 N UQ) = T(Ul) N T(UQ);

b)) V=UdUs=T(V)=T(Uy) ®T(Us).

Exercise 6.8. Let T : V — W be a linear transformation and let Uy, Us < W. In
each case, prove or give a counterexample.

(a) Tﬁl(Ul n UQ) = Tﬁl(Ul) N Tﬁl(UQ);

(b) W=U U= T_l(W) = T_I(Ul) D T_I(Ug).

Exercise 6.9. Let P, denote the vector space of polynomial functions of degree
less than or equal to n with real coefficients:

Prn={f(x)=ap+a1z+ -+ apz" | a; € R}.
Let I : P, — RS be given by I'(z*~!) =¢; fori=1,...,5.
Let D : Py — P4 be given by D(f) = %.
Let T:R® — R5 be given by T =T o Dol L
(a) Describe why T is an isomorphism.
(b) Find the matrix corresponding to the linear transformation 7T

(c) Find a basis for the image and the kernel of T'.
(d) Find a basis for the image and the kernel of D.

Exercise 6.10. Let D(R) denote the set of all smooth functions on R.
Let D : D(R) — D(R) be given by D(f) = 4.

Let D™ : D(R) — D(R) denote D composed with itself n times.

Find ker(D™); justify your answer.



CHAPTER 7

Determinants and Eigenvectors

1. Transformations of a Vector Space

Let V be a finite dimensional vector space of dimension n. Let T : V — V
be a linear transformation. Transformations of this type (from a vector space into
itself) are particularly interesting because they can be composed with themselves.
Let A be the corresponding matrix; then composing 7' with itself corresponds to
taking powers of A. Also, T is an isomorphism if and only if A is invertible. In this
case, we think of T" as a warping of n-space.

Let A be an n x n matrix given by A = (a;;);;-

We say that A is singular if it is not invertible.

We say that A is scalar if it is of the form al, where a € R and I is the n x n
identity matrix. This has the effect on n-space of dilating it by a factor of a in
every direction.

We say that A is diagonal if all of its nondiagonal entries are zero, that is, if
a;; = 0 whenever i # j. This has the effect on n-space of expanding the i*" axis by
a factor of ay;.

We say that A is upper triangular if a;; = 0 whenever 7 > j.

We say that A is lower triangular if a;; = 0 whenever 7 < j.

We say that A is triangular if it is either upper triangular or lower triangular.

If A is triangular and invertible, then A can be reduced to a diagonal matrix
by a sequence of row operations of type R; + cR;.

The process of Gaussian elimination shows that a matrix A is invertible if
and only if it is the product of elementary invertible matrices. Such a product is
definitely invertible. On the other hand, if A is invertible, we may find its inverse
by row reducing the equation AX = I to obtain X = U, where U is the product of
the matrices corresponding to the row operations we used. To examine this more
closely, note that if A is invertible, then for any b € R™, there is a unique solution
to the equation Az = b, namely x = A~'b, and this solution can be found by
Gaussian elimination. In particular, if x; is the unique solution to Az = e;, then
A7 = [z |- | @),

Thus if A and B are invertible matrices, we see that AB is invertible if and
only if both A and B are invertible.
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2. Multilinear Functions

Let V be a vector space and let V™ denote the cartesian product of V' with
itself m times; this is the set of all ordered m-tuples of vectors from V.

A function f: V™ — R is called multilinear if it is linear in each of its coordi-
nates; that is, if

For, 001, v+ Wiy Vig, - Um)
= f('l)l,...,'Uifl,’l)i,’l)prl,...ﬂ)m) —|—f(v1,...,vi,l,wi,viﬂ,...,vm);

and

Fo1, o 021,04, Vi1, -y Um) = af (V1,0 Vim1, Uiy Vi 1y« -+ 5 U )
Let f: V™ — R be multilinear and let X be a basis for V. Then the value of
f is completely determined by the values of f(z;,,...,x;, ), where the z;’s range
over all ordered choices of m basis vectors.
A function f : V™ — R is called alternating if exchanging positions changes
the sign; that is, if

For, oo v 05, 0m) = —F (01,000, U U
Let f: V™ — R be alternating. Suppose that two positions of an n-tuple are
the same, say v; = v;. Then switching them gives the same value for f; but it
must also give the negative value, since f is alternating. Thus f(v1,...,v,) =0
whenever two postions are the same.

Example 7.1. Let V = R? and let f : R? — R be given by f(v,w) = ad — b,
where v = (a,b) and w = (¢,d). Then f is an alternating multilinear function.
Note that f(e1,e2)=1-1—-0-0=1.

Let V be a finite dimensional vector space of dimension n = m and let f : V" —
R be an alternating multilinear function. Let X = {z1,...,2,} be a basis for V.
Then f is completely determined by the value of f(z1,...,z,). To see this, pick an
arbitrary ordered n-tuple (vy,...,v,). Write each of these as a linear combination
of the vectors in X. Use multilinearity to break f(v1,...,v,) into a sum of things
of the form f(z;,,...,2;, ). Use alternation to rearrange this into a sum of things
of the form +f(x1,...,x,).

A function f: V™ — R is called normalized with respect to an ordered basis
{z1,...,zn} if m=nand f(a1,...,2,) = 1.

Proposition 7.2. Let V' be a vector space of dimension n with ordered basis X .
Then there exists a unique alternating multilinear function

f:VP—=R
which is normalized with respect to X .

Idea of Proof. First one examines uniqueness. Suppose that f and g are alternat-
ing multilinear functions. By using multilinearity and alternation, one sees that
the value of f and g on any order n-tuple (v1,...,v,) of vectors is completely de-
termined by their value on the ordered basis. This is a single real number. If the
functions are normalized, then they must be the same.

Next one constructs a specific function which is multilinear, alternating, and
normalized. We will do this momentarily. O
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3. The General Determinant

Let M,,x» be the set of all m x n matrices. If m = n, shorten this to M,,.
A function f : M,, — R may be considered to be a multilinear function by
considering its rows to be the coordinates of V", where V = R".

Proposition 7.3. There exists a unique alternating multilinear function
det : M,, — R,

which is normalized with respect to the standard basis. This function is called the
determinant function.

We now describe how to construct such a function; the construction is inductive,
which means that we construct the determinant of a 1 x 1 matrix, and then construct
the determinant of an n X n matrix in terms of determinants of (n — 1) x (n — 1)
matrices.

Define the determinant of a 1 x 1 matrix to be the identity function (since a
1 x 1 function is merely a single real number).

Let A = (ai;j)ij be an n X n matrix. Assume that the determinant of an
(n —1) x (n — 1) function has been defined.

Let A;; denote the matrix obtained from A by deleting the i** row and the j*™
column. This matrix is called the ij*™® minor of A.

Let a;; = det(A;;). This number is called the 7™ cofactor of A.

To compute the determinant of A, select any row or column of A. For each
entry in the row of column, compute the cofactor of that entry. Then take the
alternating sum of these cofactors. This process is called expansion by minors.

If we choose the i*" row to expand along, the formula is

n
det(A) =Y (1) "aj;.
j=1
If we choose the j*" column to expand along, the formula is
n
det(A) =Y (=1)"'aj;.
i=1

It is tedious and somewhat uninformative, but not terribly difficult, to use
induction to show that this formula gives an alternating multilinear function which
is normalized with respect to the standard basis. We move on.
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4. Properties of the Determinant

Let det : M,, — R be the unique function with the properties
(a) Multilinearity
(b) Alternation
(¢) Normalization
From these properties, one can show
(d) If any row of A is zero, then det(A) = 0;
(e) If any two rows of A are the same, then det(A) = 0;
(f) If one row of A is a scalar multiple of another, then det(A) = 0;
(g) If B is obtained from A by a row operation of type R;+cR;, then det(B) =
det(A);
(h) If A is diagonal, then det(A) is the product of the nonzero entries;
(i) If A is triangular, then det(A) is the product of the diagonal entries.
Property (d) comes from multilinearity.
Property (e) comes from alternation, as we have already noted.
Property (f) is comes from multilinearity and (e).
Property (g) results from multilinearity and (e):

detfar |-+ i+ ezy |2 |-+ | 2]
=detlxy |- @i ||z xn] Fedetfzy |- x| x| - T
=detlzy |- x| |z |...zn] +0.

Property (h) comes from multilinearity and normalization.

Property (i) comes from (g) and (h) by noting that any triangular matrix
can be obtained from a diagonal one by a sequence of row operations of the form
Ri + CRj.

We can now compute the determinants of the elementary invertible matrices.
det(I) =1 by (c);
det(E(i, j; ¢)) = 1 by (i);
det(D(i;¢)) = ¢ by (h);
det(P(i,7)) = —1 by (b) and (c).

Since we know the effects of elementary invertible matrices on the rows of a
matrix A, we can compute the following products.

If E = E(i,j;¢), then det(EFA) = det(A) by (g).

If E = D(i;¢), then det(EA) = cdet(A) by (a).

If E = P(i,j), then det(EA) = —det(A) by (b).

In each of these cases, we have det(EA) = det(E)det(A). Thus if U is a
product of elementary invertible matrices, its determinant is the product of the

determinants of the factors, and by sequential application of the above observation,
we have det(UA) = det(U)det(A).
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From this analysis of the determinant for elementary invertible matrices, we
derive the following general properties.

(j) A is invertible if and only if det(A) # 0;
(k) det(AB) = det(A)det(B);

Let R = OA be the result of forward elimination on A, where O is the product
of elementary invertible matrices. Then det(R) = det(O)det(A). Indeed, since
forward elimination uses only E and P type matrices, det(O) = +1, where the sign
is determined by the number of permutations used.

Since A is square, A is noninvertible if and only if R has a zero row.

Suppose A is noninvertible. Then R has a zero row, so det(R) = 0 by (d), so
det(A) = 0. If B is another matrix, then AB is noninvertible, so det(AB) = 0 =
det(A)det(B).

Suppose A is invertible. Then its determinant is the product of elementary
invertible matrices, so det(4) # 0. If B is another matrix, then det(AB) =
det(A)det(B), as we previously noted. This proves (j) and (k).

This also shows something more:

(1) det(A) = (—=1)Pq, where p is the number of permutations used in forward
elimination, and ¢ is the product along the diagonal of R;

(m) det(A*) = det(A).

We have det(R) = det(O)det(A). But det(R) = ¢, and det(O) = (—1)?. This
gives (1).

If A is invertible, then so is A*:

(A*(A—l)*)* — A—lA -] = I*,
so (A*)~1 = (A7)~

If E is an elementary invertible matrix, then det(E) = det(E*). Suppose that
E and F are matrices satisfying (m), then

det(EF) = det(E)det(F) = det(E*)det(F*) = det(E*F*) = det((EF)").

If A is invertible, then A is the product of elementary invertible matrices, and the
result follows.

If A is not invertible, then neither is A* thus det(4) = 0 = det(A)*. This
proves (m).
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5. Geometric Interpretation of Determinant

The n-box in R™ determined by the vectors vy, ...,v, € R™ is the set
{tl’Ul + -+ thu, | t; € [O, 1]}

We define the n-volume of a box inductively by defining the 1-volume of a vector
to be its length, and the n-volume of the box to be the height of the box times
the (n — 1)-volume of its base, where the height is the distance between v,, and the
span of {v1,...,v,_1}, and the base is the (n — 1)-box determined by v, ..., v,—1.
Let vol{vy,...,v,} denote this quantity.

If m = n, this definition of volume corresponds to the result we get by inte-
grating the box via multiple integration.

The orientation of an ordered collection of vectors is determined by the n-
dimension right hand rule. There are two distinct orientations (right and left
handed); interchanging two vectors in an ordered collection switches the orien-
tation.

The primary geometric interpretation of the determinant function is that det(A)
is equal to the n-dimensional signed volume of the box determined by the columns
of A, where A is an n X n matrix. The sign is positive for right orientation and
negative for left orientation.

This is the same thing as saying that det(A) is equal to the signed distortion
of volume induced by the transformation T4 : R™ — R™. That is,

vol(T4 (X)) = £det(A)vol(X),

where X is any set of n vectors in R™; the sign determines whether or not the
transformation is orientation preserving or orientation reversing.

6. Linear Transformations as a Vector Space

We review some facts from the chapter “Linear Transformations”.

fS:V—->VandT:V — V are linear transformations, then S+7:V — V
given by (S +T)(v) = S(v) + T(v) is a linear transformation.

If T:V — V is a linear transformation and a € R, then a7 : V — V given by
(aT)(v) = aT'(v) is a linear transformation.

Thus the set of all linear transformation from V to itself is a vector space,
which we may denote by L(V).

If we fix a basis for V, we may write S and T as matrices. Then Ag,p =
Ags + Ar and A,r = aAr.

Since we may compose transformations from a vector space into itself, L(V')
comes equipt with a multiplication. We can write ST to mean S o T. This multi-
plication distributes over addition of linear transformations.

In particular, 7™ denotes T composed with itself n times. If we denote the
transformation aidy simply by a, we can form and factor polynomials such as

L=T%-4T+3= (T -3)(T - 1),
thus L(v) = T(T'(v)) — 4T (v) + 3v.
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7. Eigenvectors and Eigenvalues

Let V be a finite dimensional vector space of dimension n and let T: V — V.

An eigenvector of T is a nonzero vector v € V such that T'(v) = Av for some
A € R. The number A is called an eigenvalue of T.

That is, a nonzero vector v is an eigenvector of T' if and only if T'(v) is on the
same line through the origin as v, so T' expands or contracts this line by a fixed
factor; the eigenvalue associated to v is this expansion factor.

Let A be an n X n matrix. The eigenvectors and eigenvalues of A are, by defi-
nition, the eigenvectors and eigenvalues of the corresponding linear transformation
T4 : R™ — R"” given by Ty (z) = Ax.

Proposition 7.4. Let T : V — V be a linear transformation Let v € V be an
etgenvector with eigenvalue A. Let a € R. Then av is an eigenvector with eigenvalue
A

Proof. We have T'(av) = aT'(v) = adv = A(av). O

Example 7.5. Find the eigenvectors and eigenvalues of the linear transformation
T : R? — R? corresponding to the matrix

2 0
A= [O 3} |
Solution. Since T'(e1) = 2e; and T'(e3) = 3eq, we see that these are both eigenvec-
tors with corresponding eigenvalues 2 and 3. Then all of the vectors on the x and
y axis are also eigenvectors. However, if v = ae; + beg, then T'(v) = 2ae; + 3bey is

a scalar multiple of v if and only if either a or b is zero. Thus no other vectors are
eigenvectors. O

Example 7.6. Find the eigenvectors and eigenvalues of the linear transformation
T : R? — R? corresponding to the matrix A = \I.

Solution. Every nonzero vector in R? is an eigenvector with eigenvalue . O

Example 7.7. Find the eigenvectors and eigenvalus of the linear transformation
which rotates R? by 90 degrees.

Solution. There are none. O

Example 7.8. Find the eigenvectors and eigenvalues of the linear transformation
which reflects R? across the y-axis.

Solution. Eigenvalue 1 corresponds to eigenvector e;. Eigenvalue —1 corresponds
to eigenvector es. O
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8. Eigenspaces

Let T : V — V be a linear transformation with eigenvalue A. The eigenspace
of X is the set containing zero and of all eigenvectors of T' whose eigenvalue is A:

eigy(T) ={v e T |T(v) = v}

Proposition 7.9. Let T : V — V be a linear transformation and let a € R.
Then eig,(T) < V.

Proof. Let T —a : V — V denote the linear transformation given by (T — a)(v) =
T(v) — av. Then v € eig,(T) if and only if (T — a)(v) = 0. Thus eig,(T) =
ker(T — a). The kernel of a linear transformation is always a subspace of the
domain, so eig,(T) < V. O

The above proof points out that, in particular, eig,(T) = ker(T"). We collect
some facts regarding this.

Proposition 7.10. Let T : V — V be a linear transformation.
The following conditions are equivalent:
i. T is an isomorphism;

ii. T is bijective;

iii. T is surjective;

iv. T 1is injective;

v. ker(T) = {0};

vi. eigy(T) = {0};

vii. 0 s not an eigenvalue of T

Let T : V — V be a linear transformation. The total eigenspace of T is
eig(T) = span{v € V' | v is an eigenvector of T }.

We now extend the concept of direct sum to more that one subspace.
Let V' be a vector space and let Uy, ..., U, be subspaces. We say that V is the
direct sum of Uy, ..., Uy, if
D1) Uy +---+ U, =V;
(D2) U;NU; = {0} whenever i # j.
In this case, we may write
V=a_,U.

Proposition 7.11. Let T : V — V be a linear transformation whose distinct
etgenvalues are A1, ..., Ap,. Then

eig(T') = @i, eigy, (T).

Proof. Tt is clear from the definition that the vectors in eigy,(7') span eig(T) as
A; ranges from ¢ = 1,...,n. Also, if v has eigenvalue )\;, then it cannot also
have a different eigenvalue A;. Thus the intersection of two of these eigenspaces is
trivial. (]
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9. Finding Eigenvalues of a Matrix

Let T : V — V be a linear transformation; for simplicity, let us assume for the
time being that V' = R™. To find the eigenvectors and eigenvalues of T', we wish
to solve the equation T'(v) = Av, where A is any real number. That is, we wish to
solve

T(v) — A =0.
Let us first try to find an appropriate .
If A is the matrix corresponding to T, then this equation becomes

Av — Mv=0.

That is, we wish to find ker(A — AI) whenever it is nontrivial. This kernel is
nontrivial if and only if det(A — A\I) = 0.

If we compute det(A — AI), we obtain a polynomial in A. The degree of this
polynomial is exactly dim(V). Thus we define the characteristic polynomial of A
(or T) to be

xa(A) = det(A — AI).
We see that A is an eigenvalue if and only if x4(X) = 0, because this is exactly
when (A — AI) has a nontrivial kernel.

Once one finds an eigenvalue A, one can find the corresponding eigenvectors by
solving (A — AI)x = 0.

Example 7.12. Let T : R?> — R? be the linear transformation corresponding to
the matrix

2 10
A=|[-1 0 1
1 3 1
Find the eigenvectors and eigenvalues of T'.

Solution. First we find the eigenvalues. The characteristic polynomial is
xA(A) = det(A — X)) = (2= N)2(1+N\).

Thus the eigenvalues are 2 and —1.
Now we find the eigenvectors. We find ker(A—21) = span{(1,0,1)} and ker(A+
I) = span{(1,-3,4)}. O
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10. Matrices with Respect to a Basis

Let V be a vector space of dimension n. Let X = {z1,...,z,} be a basis
for V. If v € V, then there exist unique real numbers a1,...,a, € R such that
V=" 4.

Let I'x : V — R™ be given by I'x(v) = (a1,...,a,), where v = Y1 | a;z;.
Recalling that any transformation is completely determined by its value on a basis,
we see that I'x is the unique transformation from V' — R™ which sends z; to e;.
Since I'x sends a basis to a basis, it is an isomorphism.

Let T : V — V be a linear transformation. The matriz of T with respect to the
basis X is the n x n matrix B which corresponds to the linear transformation

FxoToly' :R" —» R™
We view this via the commutative diagram

v L. vy

rx | |rx

R?" — R"
IxoTol !
The columns of B represent the destinations of the basis vectors in X under
the transformation 7', written in terms of the basis X.
For example, if the 4" column of B is (1,0,3, —2), then T'(x4) = =1 + 323 — 4.
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11. Matrices with Respect to a Basis in R”

Let V = R"™ and let X C R"™ be a set of n linearly independent vectors in R™.
Then X is a basis for R™, but X is not necessarily the standard basis.

Let T : R™ — R"™ be a linear transformation. Then T has a corresponding
matrix, say A.

Since F;(l : R™ — R™, it has a corresponding matrix, say C. It is easy to see
what the matrix inverse of C is; since I'y'(e;) = x;, then

C=lz1|- |zl
Thus the matrix B of T with respect to the basis X is
B=C"1AC.

We may also write this as a commutative diagram

Let A and B be n xn matrices. We say that A and B are conjugate (or similar)
if there exists an invertble n x n matrix C such that B = C~'AC. Note that A is
invertible if and only if B is invertible.

Suppose that A and B are conjugate matrices, and the B = C~1AC. Can we
express the action of B on R” in terms of the action of A? Since C is invertible,
the columns of C are a basis for R”. Let X = {x1,...,2,} be this basis. Now Az;
may be written in terms of the basis X:

n
Al‘i = Zbi]‘l‘j.
J=1
Then .
CilAIi = Zbijej.
J=1

On the other hand,
BC_lxi = Bei.
Thus, since BO~! = C~'A, we have

n
Bei: E bij(ij,
j=1

which shows that B = (b;;).

In words, the columns of B represent the destinations of the nonstandard basis
vectors x; under the transformation T4 (corresponding to A) when these destina-
tions are written in terms of the basis X.
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Example 7.13. Find the matrix of a linear transformation 7' : R? — R? which
reflects the plane across the line y = 2z.

Solution. If we find a nice basis, then this transformation is easy.
Let 21 = (1,2). Then x4 is on the line y = 2x, so T(x1) = 1. Let 29 = (—2,1);

then o is perpendicular to z1, since 1 - £3 = —2 + 2 = 0. Thus T'(z2) = —x».
Thus the matrix of T with respect to this basis is
1 0
B- {O _J .
Let L )
_ =2 -1_1|35 %
0[2 1],thenC’ {_52 ﬂ
Therefore
=3 4
A:CBC_lz{i g}
5 5

Proposition 7.14. Let T : V — V be a linear transformation.
Let vy, ...,v, € V be eigenvectors with distinct eigenvalues.
Then {v1,...,v,} is independent.

Proof. Let d; be the eigenvalue corresponding to v;. Suppose that the set is not
independent; then one of these vectors is in the span of the previous vectors. Let k
be the smallest integer such that this is true, so that
Vg = a1V1 + ... Qg—1Vk—1,
where {v1,...,v5_1} is independent. Multiplying this equation by dj gives
k—1

dyor =Y ak_1ve_1,
i=1
but applying A gives

k—1
dkvk: E aidivi.
=1

Subtracting these gives

k—1

i=1
Since the d;’s are distinct, this is a nontrivial dependence relation, contradicting
the fact that {v1,...,vx_1} is independent. ]
Corollary 7.15. Let T :V — V be a linear transformation, where dim(V') = n.
Let v1,...,v, €V be eigenvectors with distinct eigenvalues.
Then

(a) {vi,...,vn} is a basis for V;
(b) eig(T) = V;
(c) V =ai,eigy, (T).
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12. Diagonalization

Let A be an n X n matrix.

We say that A is diagonalizable if there exists a diagonal matrix D and an
invertible matrix C such that D = C~1AC.

We say that R™ has a basis of eigenvectors of A if their exist n linearly inde-
pendent eigenvectors of A. When this happens, they form a basis.

Proposition 7.16. Let A be an n xn matriz. Then A is diagonalizable if and only
if R™ has a basis of eigenvectors of A.

Proof. Suppose that A is diagonalizable, and let D be diagonal and C' invertible
such that D = C~'AC. Then D = (d;;), where d;; = 0 unless i = j.
The columns of C' are a basis of eigenvectors of A. They are linearly independent

because C is invertible; to see that they are eigenvectors, let x; be the i** column
of C. Then

Suppose that A has a basis of eigenvectors X = {x1,...,z,} with corresponding
eigenvalues dy, ..., d,. Form the square matrix D with d;’s along the diagonal and
0 elsewhere. Let C'=[z1 | - -+ | #,]. Then D is A written with respect to the basis
X,soD=C"1AC. O

Here is a criterion for diagonalizability.

Proposition 7.17. Let A be an n X n matriz with n distinct eigenvalues. Then A
is diagonalizable.

Proof. Each eigenvalue corresponds to a different eigenvector. These are linearly
independent. U

It is sometimes useful or necessary to consider linear transformations composed
with themselves. If the transformation corresponds to a diagonalizable matrix, we
are in luck.

Proposition 7.18. Let B=C 'AC. Then B" = C~1A"C.
Proposition 7.19. Let D = (d;;) be diagonal. Then D" = (d}};).

Thus if A is diagonalizable and D = C~'AC, then A = CDC™!, so A" =
CD"C~! is relatively easy to compute.
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Example 7.20. Let

-2 0 -1
A=|0 2 0
3 0 2

(a) Diagonalize A.
(b) Find A8.
Solution. The characteristic polynomial of A is
Xa(A) = (=2 = N[2 =X’ +3(2 - ))
=[(=DE+MNE-N+3]2-X)
= - 1)@ - )
=A+1)A=-1)2-N).

Thus the eigenvalues are 1, 2, and —1. Corresponding eigenvectors are z; =
(-=1,0,3), z2 = (0,1,0), and z3 = (—1,0,1). Let C = [z1 | 22 | x3]. Then

1 0 0 1 1 0 1
D=0 2 0|; where D=C"1'AC and C~!= 3 0 1 0
0 0 -1 -3 0 -1

Thus A% = CD3C~! is easy to compute. Try this.
In this particular example, simply squaring A will reveal that something nice
happens, which explains the result above (if you tried it). ([l

13. Finding Eigenvalues of a Linear Transformation

Let V' be an arbitrary finite dimensional vector space of dimension n. We turn
to the question to finding eigenvalues of a linear transformation T : V — V. By
definition, the eigenvalues of T should not depend on any particular basis we select
for V.

Select an ordered basis X = {z1,...,z,} for V. If we know the value of T" on
each of the basis vectors x;, we can find the matrix A of X with respect to this
basis; A is the matrix corresponding to the transformation

FxoToly' :R" —» R™
Then we can compute the characteristic polynomial det(A — AI) and attempt to
find its roots; these roots should be our eigenvalues.
The matrix A, however, depends on the basis X we chose for V. The question

arises as to whether or not we get the same result if we choose a different basis for
V. To see that we do get the same result, we formulate two propositions.
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Proposition 7.21. Let V be a finite dimensional vector space of dimension n. Let
T:V — V be a linear transformation. Let X and Y be ordered bases for V. Let A
be the matriz of T with respect to X. Let B be the matrixz of T with respect to Y .
Then there exists a matriz C such that B = C~1AC.

Proof. By definition of the matrix of a transformation with respect to a basis, we
know that A is the matrix corresponding to the transformation I'x o T o F)_(l and
the B is the matrix corresponding to the transformation I'y o T o F;,l. Let C be
the matrix corresponding to the transformation I'x o I‘;l : R™ — R™. Note that
C~! corresponds to 1"{,1 oIl'x. Then

I'y oToI‘{,1 = (I‘y oI‘)_(l) o (I‘X oToF)_(l) o (FX of;l);
thus B = C~1AC. O

This propostion states that matrices of the same transformation with respect
to different bases are conjugate. Diagrams help explain this; the transformation
diagram

—1
R™ T'xoTol'y R™

o | [rx

R’I’L

B=C-1AC
in a manner identical to a change of basis within R™. It is not hard to see what
C is; its columns are the destinations in R™ of the ordered basis Y under the
transformation I'x.
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Proposition 7.22. Let V be a finite dimensional vector space of dimension n. Let
T:V — V be a linear transformation. Let X and Y be ordered bases for V. Let A
be the matriz of T with respect to X. Let B be the matrixz of T with respect to Y .

Then xa(A\) = xB(N).
Proof. We compute
XB(A) = det(B — Al)
=det(C7TAC — \I)
=det(C™tAC — XCT'IC)
=det(CHA - XI)C)
= det(C71)det(A — A )det(O)
= det(A — \I)
= xa(A).
O
This says that we can think of the characteristic polynomial as an invariant of
a transformation as opposed to an invariant of a matrix which changes as the basis
changes. This also tells us that we can find the eigenvalues of a linear transformation
by selecting any basis and computing the eigenvalues with repect to that basis.
Let V be a finite dimensional vector space and let T' : V' — V be a linear

transformation. The characteristic polynomial of T is x7(A) = det(A — AI), where
A is the matrix of T with respect to any basis.
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Fundamental Subspaces of a Matrix

1. Transpose Transformations

Definition A.1. Let A be an m X n matrix.
The transpose of A, which we denote by A*, is the n x m matrix whose j*" row
is the j*® column of A.

Definition A.2. Let T : R™ — R™ be a linear transformation.
The transpose of T is the linear transformation 7% : R™ — R” given by T*(w) =
A*w, where A = [T(e1) |-+ | T(en)].

Remark A.1. Let A be an m x n matrix. Recall that A corresponds to a linear
transformation T4 : R" — R™ which is given by T4 (v) = Av. Then A* corresponds
to a linear transformation T4~ : R™ — R™ which is given by Ty (w) = A*(w). Thus
T =Ta-.

Let T' = T4 be the transformation corresponding to A. We know that the
columns of A are the destinations of the standard basis vectors of R™ under the
transformation 7. Thus the image of T' is spanned by these vectors. On the other
hand, the columns of T are the rows of A, so the image of T* is a subspace of R"
which is spanned by the rows of A. We now investigate the relationship between
the image of T and the kernel of T

2. Column Spaces and Row Spaces

Definition A.3. Let A be an m X n matrix.

The image of A is the image of T)4.

The kernel of A is the kernel of T4.

The column space of A is the subspace of R™ spanned by the columns of A,
and is denoted by col(A).

The row space of A is the subspace of R™ spanned by the rows of A, and is
denoted by row(A).

The null space of A is the set {x € R™ | Az = 0}, and is denoted by ker(A).

The rank of A is the dimension of the column space of A.

The nullity of A is the dimension of the null space of A.

Let A be an m X n matrix. The four fundamental subspaces associated to A
are col(A), row(A), ker(A), and ker(A*).
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Proposition A.4. Let A be an m x n matriz. Perform forward elimination on the
matrixz A to achieve B = OA, where O is invertible and B is in row echelon form.
Perform backward elimination on B to achieve C' = UA, where U is invertible and
C is in reduced row echelon form. Then

(a) col(A) =row(A*);

(b) col(A) = img(T4):

(c) row(A) = img(T});

(d) the rank of A is equal to the number of basic columns of B (or of C);

(e) the nullity of A is equal to the number of free columns of B (or of C);

(f) ker(A) = ker(B) = ker(C);

(g) row(A4) = row(B) = row(C);

(h) dim(col(A)) = dim(row(A));

(i) the nonzero rows of B (or of C) form a basis for row(A);

(§) the last m —r rows of O (or of U) form a basis for ker(A*), where r is

the rank of A.

Proof.
(a) col(A) = row(A*)
This follows from the definition of transpose.

(b) col(A) = img(Tx)
This follows fact that the image of T4 is spanned by the destinations of the
standard basis vectors; these destinations are the columns of A.

(c) row(A) = img(T})
This follows from (a) and (b).

(d) the rank of A is equal to the number of basic columns of B (or of C')

The rank of B is clearly equal to the number of basic columns of B. The rank
of A equals the rank of B because B = U A, where U is an invertible matrix. The
transformation Ty is an isomorphism, so a basis for the image of T4 is sent by Ty
to a basis for the image of T.

(e) the nullity of A is equal to the number of free columns of B (or of C)

The nullity of A is the number of free columns by the Rank Plus Nullity Theo-
rem: dim(ker(A)) = dim(ker(T4)) = n — dim(img(T4)); since dim(img(T4)) is the
number of basic columns, n — dim(img(7’4)) must be the number of free columns.

(f) ker(A) = ker(B) = ker(C)

This is given by the fact that composing on the left with an injective transfor-
mation does not change the kernel of a transformation. Since B = OA, we have
ker(A) = ker(T4) = ker(Tp o Tx) = ker(Tpa) = ker(OA) = ker(B). Similarly,
ker(A) = ker(C).
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(g) row(A) = row(B) = row(C)

If F is an elementary invertible matrix and D is any compatibly sized matrix,
then the rows of ED are a linear combination of the rows of D; one sees this by
considing the effect of the corresponding elementary row operation on D. Thus
row(ED) C row(D). But E~! is also an elementary invertible matrix, so row(D) =
row(E~*ED) C row(ED), which shows that row(ED) = row(D) and E does not
change the row space.

Since B = OA and O is a product of elementary invertible matrices, we see
that row(B) = row(OA) = row(A). Similarly, row(C) = row(A).

(h) dim(col(A)) = dim(row(A))

It is apparent from the definition of row echelon form that the nonzero rows of
B form a basis for the row space of B.

By (d), dim(col(A4)) = dim(col(B)). The dimension of col(B) is equal to the
number of pivots in B (or C'), which is equal to the number of nonzero rows of B (or
('), which is equal to the dimension of row(B). Thus dim(col(A)) = dim(col(B)) =
dim(row(B)) = dim(row(A)).

(i) the nonzero rows of B (or of C) form a basis for row(A)
The nonzero rows of B (respectively C) form a basis for row(B) (respectively
row(C)). By (g), row(A) = row(B), and the result follows.

(j) the last m —r rows of O (or of U) form a basis for ker(A*)

We show this for O; the proof for U is the identical.

Set k = m — r and note that dim(ker(A*)) = k. This follows from the Rank
Plus Nullity Theorem and (g): we have r = dim(col(A)) = dim(row(4*)) =
dim(col(A*)). Thus dim(ker(A4*)) = m — dim(col(A*)) =m — r.

Since O is invertible, its rows are linearly independent. Indeed, Ty is an
isomorphism, so ker(O) = {0}; thus dim(row(O)) = dim(col(O)) = dim(R™) —
dim(ker(O)) = m, since dim(ker(O)) = 0. Then row(O) = R™, so the rows of O
are a basis for R™.

Thus the last k& rows of O are linearly independent, so if these vectors are in
ker(A*), they are a basis for it. We only need to show that they are in ker(A*).

Since B = OA, we have B* = A*O*. The last k rows of B are zero, so the last
k columns of B* are zero. If x* is one of the last k rows of O, then x is one of the
last k columns of O*, and A*x is one of the last k columns of B*; that is, it is zero.
Thus « is in the kernel of A*. O
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3. Perpendicular Decompositions

Proposition A.5. Let U < R™. Set
LU)={veR" |u-v=0 for allu € U}.
Then
(a) L(U) <R
(b) UNL(U) = {0};
(c) L(L(U))=U.

Proof. Exercise. U

Proposition A.6. Let A be an m x n matriz. Then
(a) row(A4) = L(ker(A)) and R™ =row(A) @ ker(A);
(b) col(A) = L(ker(A*)) and R™ = col(A) & ker(A4*).

Proof. In light of the fact that col(A) = row(A*), if we prove (a), then (b) will
follow simply by replacing A with A*. Thus we prove (a).

The coordinates of Ax are the dot products of the rows of A with the vector
x. If x € ker(A), the Az = 0 (the zero vector). Thus each of the coordinates of
Az is equal to 0 (the zero scalar). This shows that each row of A is perpendicular
to any vector in the kernel of A. Then any vector in the span of these rows is also
perpendicular, because dot product is linear.

On the other hand, if x is not in the kernel, then it has a nonzero dot prod-
uct with one of the rows, so it is not perpendicular to the row space. Therefore
1 (ker(A)) = row(A).

Since the row space of A is perpendicular to the kernel of A, we see that
row(A) Nker(A) = {0}. Now combine the Subspace Dimension Formula, the fact
that dim(row(A)) = dim(col(A)), and the Rank plus Nullity Theorem to obtain

dim(row(A) + ker(A)) = dim(row(A4)) + dim(ker(A4)) + dim(row(A) Nker(A))
= dim(col(A)) + dim(ker(A4)) 4+ 0

= dim(R").
Since row(A) 4 ker(A) is a subspace of R™ with the same dimension, it must be all
of R™. Therefore R” = row(A) @ ker(A). O
Corollary A.7. Let U <R™. Then R™ =U & L(U).
Proof. Let {uy,...,u,} be a basis for U. Form the matrix
Then col(A) = U, and L(col(A)) = ker(A*) with R™ = col(A4) & ker(A*). O

Example A.8. Let U be the subspace of R™ spanned by the vectors {vy,...,v,}.

(a) Find a basis for U.
(b) Find a basis for L(U).

Method of Solution. Form the m X n matrix A = [v1 | -+ | vy]. Use forward
elimination only to row reduce the augmented matrix [A | I] to an augmented
matrix [B | O]. A basis for U is given by the columns of A which correspond to the
basic columns of B. Since U = col(A), a basis for L(U) is given by the last m —r
rows of O, where r = dim(U). O
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4. Exercises

Exercise A.1. Let U < R™. Show that
(a) L(U) <R™
(b) UNL(U) = {0};
(c) L(L(U))=U.
Exercise A.2. Let
2 0 -1 4 1
A=1-2 0 2 -2 0
0o 0 1 2 2
Let T : R® — R3 be the linear transformation given by T'(v) = Awv.

(a) Find a basis for img(T") and for ker(T).
(b) Find a basis for 1 (img(7)) and for L(ker(T)).

Exercise A.3. Let U be the subspace of R* spanned by the vectors

v = (1,0,-1,1), v = (2,1,1,0), and vz = (0,—1,-3,2).

(a) Find a basis for U.
(b) Find a basis for L(U).
(c) Find a matrix A such that U = ker(A).

Exercise A.4. Let

DO =
= =N
—_ = O
S = N
— O

A:

0 4 0 5 1
Find a basis for each of the four fundamental spaces associated to A.
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APPENDIX B

Matrix Techniques

ABSTRACT. This appendix collects matrix techniques for solving problems in
linear algebra. None of these techniques should be applied without an under-
standing of why they work.

1. Elementary Invertible Matrices
The identity matrix is denoted by I.
The elementary invertible matrices are
o E(i,j;¢) is I except a;; = c;
e D(i;c) is I except a;; = ¢;
e P(i,j)is I except a;; = a;; =0 and a;; = aj; = 1.
The inverses of the elementary invertible matrices are
o E(i,j;0)~" = E(i, j; —c);
o D(i;¢)~" = D(i;¢71);
hd P(iv.j)il = P(Z’])
Let F be an elementary invertible matrix. Multiplying on the left of A to form
FE A has the indicated effect on the rows of A. Multiplying on the right of A to form
AF has the analogous effect on the columns of A.

E(i,j;¢) Multiply the j® row by ¢ and add to the i*" row
D(i;¢)  Multiply the i*" row by ¢

P(i,j) Swap the i*" row and the j* row

135
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2. Gaussian Elimination

Let A denote the original matrix.

Let B = OA be the result of forward elimination, where O is invertible.
Let C' = U A be the result of backward elimination, where U is invertible.
Let M be the modified augmented matrix obtained by solution readoff.
The basic columns of B or C are the columns containing the pivots.

The free columns of B or C' are the other columns.

The basic columns of A or M correspond to the basic columns of B or C.
The free columns of A or M correspond to the free columns of B or C.
Let r be the number of basic columns of B or C.

Let k£ be the number of free columns of B or C.

The basic rows of O or U are the first r rows.

The free rows of O or U are the last m — r rows.

Forward Elimination (1) Start with the first nonzero column.
(2) If the top entry in the column is zero, permute with a lower row so
that the top entry is nonzero (use P).
(3) Eliminate all entries below this one (use E).
(4) Repeat this process, disregarding the current top row and all rows
above it.

Backward Elimination (1) Make all pivots equal to one (use D).
(2) Starting from the right, working upward then leftward, make all en-
tries above a pivot equal to zero (use E).

Solution Readoff (1) insert a zero row at row i for every free variable z;;

) multiply each free column by —1;

) add e; to each free column;

) the particular solution is now the augmentation column;
)

the homogeneous solution is now the span of the free columns.
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3. Finding a Basis for Fundamental Subspaces

The four fundamental subspaces associated to A are the column space col(A),
the row space row(A), the kernel ker(A), and the kernel of the transpose ker(A*).

The primary techniques for finding a basis of these spaces are:

(F1) The basic columns of A are a basis for col(A).

(F2) The nonzero rows of B or C' are a basis for row(A).

(F3) The free columns of M are a basis for ker(A).

(F4) The free rows O or U are a basis for ker(A*).

These secondary techniques are implied by the primary technques:
(F5) The basic columns of A are a basis for row(A*).
(F6) The nonzero rows of B or C' are a basis for col(A*).

To avoid backward elimination, row reduce A* instead of A and apply tech-
niques (F2) and (F4) instead of (F1) and (F3).

4. Finding a Basis for a Span

Let X = {w1,...,w,} CR™ and let W = span(X).

Form the m x n matrix A = [wy | -+ | wy].

Reduce A and apply (F1); a basis for W is a basis for col(4).
Reduce A* and apply (F2); a basis for W is a basis for row(A*).

5. Test for Linear Independence

Let X = {wy,...,w,} CR™.

If n > m, then X is dependent.

Form the m x n matrix A = [wy | -+ | wy].

Reduce A; if n = r, then X is independent, otherwise it is not.

6. Test for Spanning

Let X = {ws,...,w,} CR™.

If n < m, then X does not span R™.

Form the m x n matrix A = [wy | --+ | wy].

Reduce A; if m = r, then X spans R™; otherwise it does not.

7. Test for a Basis

Let X = {wy,...,w,} CR™.

If n > m, then X is not a basis.

If n < m, then X is not a basis.

If n = m, then X is a basis if and only if X spans.

If n = m, then X is a basis if and only if X is independent.
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8. Finding the Inverse

If A is not square, it cannot be invertible.
Reduce A to B.

If r < n, then A is not invertible.

Reduce B to C; then A™1 = U.

9. Finding the Determinant I

If A is not square, the determinant of A is undefined.
Select any row or column and expand along it.
Along the " row:

det(A) =) (1) 'a;det(Aj)).
j=1
Along the j*" column:
det(A) = Z(—l)iilaijdet(Aij).
i=1

Here, A;; is the 4" minor matrix of A.
10. Finding the Determinant II

If A is not square, the determinant of A is undefined.

Reduce A to B via forward elimination using F and P but not D.

If r < n, then det(A) = 0.

If » = n, then B is upper triangular and det(B) is the product of the diagonal
entries.

Thus det(A) = (—1)Pdet(B), where p is the number of P matrices used in
forward elimination.

11. Finding Eigenvalues and Eigenvectors

Let A be an n X n matrix.
The characteristic polynomial of A is

xa(A) = det(A — AI);

this is a polynomial of degree n.
Then a is an eigenvalue of A if and only if a is a root of x4 (\).
To find eigenvectors associated to a, find a basis for ker(A — al).

12. Test for Diagnolizability

Let A be an n x n matrix.

Then A is diagonalizable if and only if R™ has a basis of eigenvectors of A.

To diagonalize A, find a basis of eigenvectors and construct the matrix C' which
has these eigenvectors as columns.

Then B = C~1AC is diagonal.



APPENDIX C

Gram-Schmidt Orthonormalization Process

ABSTRACT. This appendix describes the Gram-Schmidt process for taking a
basis for a subspace of R™ and producing a orthonormal basis.

let v,w € R™. We say that v and w are orthogonal if v-w = 0. Recall that
this occurs exactly when w is perpendicular to v. We now generalize this to sets of
vectors.

A subset X C R" is orthogonal if X is a set of nonzero vectors such that for
every distinct x,y € X, we have x - y = 0. An orthogonal set of vectors X is
orthonormal if for every = € X, we have |z| = 1.

Proposition C.1. Let X C R™ be orthogonal. Then X is independent.

Proof. Let 2211 a;x; = 0 be a dependence relation from X. Let j be between 1
and m, and take the dot product of both sides of the dependence relation with z;:

(ialxz) Iy = OfEJ
=1

Since dot product is linear, this gives

iai(m‘i -wj) =0.
i=1

Since X is orthogonal, this becomes
;T - Tj = ai‘ﬂfﬂ =0.

Since x; is nonzero, we conclude that a; = 0. Since j was arbitrary, a; = 0 for all
i. This shows independence. ([l
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Proposition C.2. Let V <R" and set X = {x1,...,2,} CV be an orthonormal
basis for V.. Then every for v € V, we have

m
v= Z(U )T
i=1
Proof. Let v € V and X is a basis for V, then v is a linear combination of the
elements of X; that is,
m
v = Z Q; T;
i=1

for some ay,...,a,m € R. Let x; € X. Taking the dot product of both sides of this
equation with z;, we have

. m
vz = ( E )i:laixi) - T

=aj(z;-x;) (because z; - x; =0 for i # j)
=a; (because |z;| =1)
This is all we needed to show. ([l

Proposition C.3. Gram-Schmidt Process
Let V <R™. Then V has an orthonormal basis.

Proof. Let Y = {y1,...,ym} be a basis for V. Set x; = y;. The vector projection
of yo onto x; is T;llyf x1. The difference between this and ys is perpendicular to x1;
thus let xo = yo — wlj’f z1. Continuing in this way, inductively define

|z
— Ti Yk
T =Yk — (Z 2%‘)-
2 e
Let X = {x1,...,2n}. We claim that X is an orthogonal basis for V. It is
easy to see that span(X) = span(Y’), and since they have the same cardinality, we
must have that X is a basis for Y.
To check that X is an orthogonal set of vectors, we apply dot product. Let
xr € X and select j < k. By the principle of induction, we may assume that
x; - x; = 0 for ¢ < k; we wish to show that this implies that zj - ; = 0. Thus

compute:
k—1
Ti Yk
A {y’“ (Z FRE ”C)] -
i=1 g
k_lx y
Uk
i=1 ¢
x.yk
=yr-xj — ( T$'| Tj - ;)
J
=Yk Tj— Tj Yk =0.
Thus x; L x;.

To obtain an orthonormal basis from X, divide each element z € X by its
length. O
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